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CLASSIFICATION OF FINITE GROUPS GENERATED BY
REFLECTIONS AND ROTATIONS
CHRISTIAN LANGE AND MARINA A. MIKHAIˆLOVA
Abstract. We classify finite groups generated by orthogonal transformations in a finite-dimensional
Euclidean space whose fixed point subspace has codimension one or two. These groups naturally
arise in the study of the quotient of a Euclidean space by a finite orthogonal group and hence in the
theory of orbifolds.
1. Introduction
A finite reflection group is a finite group generated by reflections in a finite-dimensional Euclidean
space, i.e. by orthogonal transformations of this space whose fixed point subspace has codimension
one. Analogously, we say that a finite group is a finite rotation group, if it is generated by orthogonal
pseudoreflections in a finite-dimensional Euclidean space, i.e. by orthogonal transformations of this
space whose fixed point subspace has codimension two1. Since an orthogonal pseudoreflection neces-
sarily rotates the two-dimensional complement of its fixed point subspace, we also call it a rotation.
A finite reflection-rotation group is then a finite group generated by reflections and rotations in a
finite-dimensional Euclidean space. From now on the specification finite for reflection-rotation groups
is understood.
The quotient of a finite-dimensional Euclidean space by a finite group generated by orthogonal
transformations in this space inherits many structures from the initial space, e.g. a topology, a metric
and a piecewise linear structure. The question when it is a manifold with respect to one of these
structures arises naturally, for example in the theory of orbifolds as pointed out by Davis [8]. If it is
a manifold, then, depending on the specific category, it is true or at least almost true that the acting
group is a rotation group (cf. [33, 34], [36]). In the topological category a counterexample to this
statement is given by the binary icosahedral group [8, p. 9]. Conversely, it has been verified in many
cases that the quotient is homeomorphic to the initial space, if the acting group is a rotation group
[27]. Moreover, for quotients that are manifolds with boundary also general reflection-rotation groups
occur. It is therefore desirable to have a complete classification of reflection-rotation groups.
Large classes of reflection-rotation groups are real reflection groups, their orientation preserving
subgroups and unitary reflection groups considered as real groups. In this paper we obtain a complete
classification of reflection-rotation groups. It turns out that an irreducible reflection-rotation group
essentially belongs to one of the mentioned classes, at least in high dimensions. Nevertheless, the fact
that reducible reflection-rotation groups, in contrast to reducible reflection groups, in general do not
split as products of irreducible components gives rise to many more nontrivial examples.
Two reflections in a reflection group generate a dihedral group which is characterized by its order,
or equivalently by the angle between the two corresponding reflection hyperplanes. In 1933 Coxeter
classified reflection groups by determining the possible configurations of reflections in such a group
The first named author has been supported by the German Academic Exchange Service (DAAD).
1The term “pseudoreflection” for a linear transformation in a finite-dimensional real vector space whose fixed point
subspace has codimension two was introduced in [24]. One should however note that some authors, e.g. Bourbaki, use
it with a different meaning.
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[6]. This information, i.e. the dihedral groups defined by pairs of certain generating reflections, is
encoded in the corresponding Coxeter diagram. Similarly, two rotations in a rotation group generate a
rotation group in dimension two, three or four and all groups that arise in this way are known explicitly.
However, an approach to the classification of rotation groups similar to the one for reflection groups,
albeit conceivable, seems to be unpractical. Instead, we follow an approach outlined in [27] that has
already been carried out partially. Classifications of several subclasses of rotation groups are treated
in [24, 25, 26]. From these papers and from results by Brauer, Huffman and Wales [4, 16, 15, 38] a
complete classification of rotation groups can be obtained. However, the latter results have not been
worked out yet with regard to such a classification and in fact new examples appear in these cases.
The largest irreducible rotation group among them occurs in dimension 8 and is connected with some
grading of the simple Lie algebra so8 (cf. Theorem 1, (v), 3.). It is an extension of the alternating
group on 8 letters by a nonabelian group of order 27 and contains many other exceptional rotation
groups as subgroups (cf. Section 4.9). The other irreducible examples and the building blocks of the
reducible examples appear as subgroups in the normalizers of reflection groups (cf. Theorem 1, the
groups W+×(A5) and W
+×(E6), and Theorem 3, (xvi), type A5 and E6). Other interesting reducible
rotation groups that have not been studied in [27] occur in the product of two copies of a reflection
group W of type H3 or H4 due to the existence of outer automorphisms of W that map reflections
onto reflections but cannot be realized through conjugation by elements in its normalizer (cf. Section
4.6).
In this paper we survey the existing parts of a classification of rotation groups and extend it
to a complete classification. Besides, we generalize the proofs as to also yield a classification of
reflection-rotation groups. Finally, in the last section, we discuss a question on isotropy groups of
reflection-rotation groups.
In forthcoming papers we will, based on the obtained classification, characterize reflection-rotation
groups in terms of the corresponding quotient spaces endowed with additional structures and show
that the binary icosahedral group is essentially the only counterexample to this characterization in
the topological category (cf. [18, 19, 20]).
Acknowledgements. We are thankful to E`rnest B. Vinberg for many useful suggestions and remarks.
His comments and hints to [28, 1, 2] and [23] helped to simplify the considerations in Section 4.8
considerably. The first named author would like to thank the second named author and E`rnest B.
Vinberg for their friendliness during his stay in Moscow. He would also like to thank David Wales
for answering his questions and Franz-Peter Heider for helpful suggestions. Finally, he is grateful to
Alexander Lytchak for his advice and his help with translating Russian papers.
2. Notations
We denote the cyclic group of order n and the dihedral group of order 2n by Cn andDn, respectively.
We denote the symmetric and alternating group on n letters by Sn and An. For a finite field of order
q we write Fq. Classical Lie groups are denoted like SOn and Un. The classical groups over finite fields
are denoted like SLn(q) = SLn(Fq) as in [5]. For a finite subgroup G < On we denote its orientation
preserving subgroup asG+ < SOn. In particular, we writeW
+ for the orientation preserving subgroup
of a reflection group W of a certain type. A list of all groups we are going to introduce can be found
in the appendix.
3. Strategy and Results
We first classify rotation groups and afterwards reduce the classification of reflection-rotation groups
to the classification of reflection groups and the classification of rotation groups. A rotation group
preserves the orientation. Conversely, all finite subgroups of SO2 and SO3 are rotation groups. The
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finite subgroups of SO4 are listed in [10] and the rotation groups among them can be singled out.
The classifications of irreducible and reducible rotation groups have to be treated separately since
a reducible rotation group in general does not split as a product of irreducible components. If the
complexification of an irreducible rotation group is reducible then this group preserves a complex
structure and is thus a unitary reflection group considered as a real group. Otherwise it is called
absolutely irreducible and we make another case differentiation. Depending on whether there exists a
decomposition of the underlying vector space into nontrivial subspaces that are interchanged by G, a
so-called system of imprimitivity, or not, the group is either called imprimitive or primitive. For an
imprimitive irreducible rotation group the subspaces forming a system of imprimitivity are either all
one- or two-dimensional. In the first case the group is called monomial.
The classification of imprimitive irreducible rotation groups and of reducible rotation groups that
cannot be written as a product of irreducible components is essentially contained in [25] and [26],
respectively. The classification of primitive rotation groups in dimension four is treated in [10]. The
classification in higher dimensions can be obtained from results by Brauer [4] and by Huffman and
Wales [16, 15] in which they classify finite quasiprimitive irreducible linear groups over the complex
numbers that contain an element whose fixed point subspace has complex codimension two. However,
certain cases in these papers are only implicitly described, have not been worked out in detail with
regard to rotation groups before and are the source of the new examples.
For a monomial group G we denote its diagonal subgroup, i.e. the set of all transformations that
act trivially on its system of imprimitivity, by D(G). Apart from the two families of orientation
preserving subgroups of the reflection groups W (BCn) and W (Dn), there are four monomial rotation
groups M5, M6, M7 and M8 given as semidirect products of the diagonal subgroup of W (Dn) and a
permutation group H , and two exceptional subgroups Mp7 and M
p
8 of M7 and M8, respectively.
There is a class of imprimitive unitary reflection groups, denoted by G(m, p, n) < Un, which is
defined to be the semidirect product of
A(m, p, n) :=
{
(θ1, . . . , θn) ∈ µnm|(θ1 . . . θn)m/p = 1
}
with the symmetric group Sn, where µm < C
∗ is the cyclic subgroup of m-th roots of unity
and p is a factor of m. The only other imprimitive irreducible rotation groups are extensions of
G(m, 1, n) and G(2m, 2, n) by a rotation r that conjugates two coordinates, i.e. r(z1, z2, z3 . . . , zn) =
(z1, z2, z3 . . . , zn). We denote these groups by G
+×(km, k, n), k = 1, 2.
Apart from the primitive rotation groups that are either orientation preserving subgroups of real
reflection groups or unitary reflection groups considered as real groups, there are five primitive rotation
groups W+× obtained by extending the orientation preserving subgroup W+ of a real reflection group
W by a normalizing rotation, two exceptional primitive rotation groups in dimensions five and six
isomorphic to A5 and PSU2(7), respectively, and a primitive rotation group in dimension eight, which
is generated by M8 and another rotation.
The rotation groups listed in Theorem 1, (v) are generated by rotations of order 2. A rotation
group G < SOn with this property defines a configuration P = {σi}i∈I of 2-planes in Rn given by the
complements of the fixed point subspaces of the involutive rotations in G such that rσ(P) = P holds
for all σ ∈ P where rσ is the rotation of order 2 defined by σ. We call such a configuration a plane
system and denote the generated rotation group by M(P).
Theorem 1. Every irreducible rotation group occurs, up to conjugation, in precisely one of the
following cases
(i) Orientation preserving subgroups W+ of irreducible real reflection groups W (cf. Section
4.1).
(ii) Irreducible unitary reflection groups G < Un, n ≥ 2, that are not the complexification of a
real reflection group, considered as real groups G < SO2n (cf. Section 4.2).
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(iii) The imprimitive rotation groups G+×(km, k, l) < SOn for n = 2l > 4, k ∈ {1, 2} and km ≥ 3
(cf. Proposition 34).
(iv) The unique extensions W+× of W+ by a normalizing rotation for real reflection groups W of
type A4, D4, F4, A5 and E6 (cf. Section 4.1). These groups are primitive.
(v) The following rotation groups which can be realized as M(P) for a plane system P of type P5,
P6, P7, P8, Q7, Q8, S5, R6 or T8 and which only contain rotations of order 2 (cf. Section
4.9), namely
(a) the monomial rotation groups M5, M6, M7, M8 and M
p
7 and M
p
8 (cf. Proposition 33).
(b) the primitive rotation groups R5(A5) and R6(PSL2(7)) given as the image of the unique
irreducible representations of A5 in SO5 and of PSL2(7) in SO6 (cf. Section 4.7).
(c) a primitive rotation group in SO8 isomorphic to an extension of A8 by a nonabelian
group of order 27 (cf. Section 4.8).
(vi) The remaining rotation groups in SO4, i.e. an infinite family of imprimitive rotation groups
described in Proposition 35 and 3 individual- and 6 infinite families of primitive rotation
groups listed in Table 1, Section 4.3.
For a real reflection group W we denote by W× its unique extension by a normalizing rotation,
provided such exists, i.e. W× = 〈W+×,W 〉. For a monomial rotation group M we denote by M× its
extension by a coordinate reflection. Finally, for an imprimitive rotation group of type G(km, k, l) let
G×(km, k, l) be its extension by a reflection s of the form s(z1, . . . , zl) = (z1, z2, . . . , zl).
Theorem 2. Every irreducible reflection-rotation group either appears in Theorem 1 or it contains a
reflection and occurs, up to conjugation, in one of the following cases
(i) Irreducible real reflection groups W (cf. Section 4.1).
(ii) The groups W× generated by a reflection group W of type A4, D4, F4, A5 or E6 and a
normalizing rotation (cf. Section 4.1).
(iii) The monomial groups M× of type Dn, P5, P6, P7, P8, i.e. M
×(Dn) := D(W (BCn)) ⋊ An,
M×5 , M
×
6 , M
×
7 and M
×
8 (cf. Section 4.4).
(iv) The imprimitive groups G×(km, k, l) < SOn with n = 2l, k = 1, 2 and km ≥ 3 (cf. Section
4.5).
Let G < On be an arbitrary reflection-rotation group and let R
n = V1⊕ . . .⊕Vk be a decomposition
into irreducible components. For each i ∈ I = {1, . . . , k} we denote the projection of G to O(Vi) by
πi and set Gi = πi(G). We distinguish two kinds of rotations in G (cf. [26]).
Definition 1. A rotation g ∈ G is called a rotation of the
(i) first kind, if for some i0 ∈ I, πi0 (g) is a rotation in Vi0 and πi(g) is the identity on Vi for all
i 6= i0.
(ii) second kind, if for some i1, i2 ∈ I, i1 6= i2, πi1(g) and πi2(g) are reflections in Vi1 and Vi2 ,
respectively, and πi(g) is the identity for all i 6= i1, i2.
Let H be the normal subgroup of G generated by rotations of the first kind, let F be the normal
subgroup of G generated by reflections and rotations of the second kind and set Hi = πi(H) and
Fi = πi(F ). Then Hi is a rotation group, Fi is a reflection group and both are normal subgroups of
Gi. In order to classify all reflection-rotation groups we first describe the possible triples (Gi, Hi, Fi)
and then the ways how a reflection-rotation group can be recovered from a collection of such triples.
Notice that Gi is generated by Hi and Fi. Hence, depending on whether Fi is trivial or not, Gi either
appears in Theorem 1 or in Theorem 2. Recall that reflections s1, . . . , sl whose corresponding fixed-
point hyperplanes are the walls of a chamber of a reflection group W generate W and that (W,S) is
a Coxeter system for S = {s1, . . . , sl} (cf. [17, p. 10, p. 23]). We refer to the reflections s1, . . . , sl as
simple reflections (cf. [17, p. 10]).
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Theorem 3. Let G < On be a reflection-rotation group. Then, for each i, either Gi = Hi is an
irreducible rotation group or Fi is nontrivial and a set of simple reflections generating Fi projects
onto a set S ⊂ Gi/Hi for which (Gi/Hi, S) is a Coxeter system. In the second case the quadruple
(Gi, Hi, Fi,Γi) occurs, up to conjugation, in one of the following cases where Γi denotes the Coxeter
diagram of Gi/Hi.
(i) (M×,M,D(M×), ◦) for M =M5,M6,M7,M8,M(Dn) =W+(Dn).
(ii) (G×(km, k, l), G+×(km, k, l), D(G×(km, k, l)), ◦) for km ≥ 3 and n = 2l.
(iii) (G×(2m, 1, l), G+×(2m, 2, l), D(G×(2m, 1, l)), ◦ ◦) for m ≥ 2 and n = 2l.
(iv) (W, {e},W,Γ(W )) for any irreducible reflection group W .
(v) (W,W+,W, ◦) for any irreducible reflection group W .
(vi) (W (A3),W
+(A1 ×A1 ×A1),W (A3), ◦ − ◦)
(vii) (W (BCn), D(W
+(BCn)),W (BCn),Γ(An−1 ×A1) = ◦ − ◦ − · · · ◦ ◦)
(viii) (W (BCn),W
+(Dn),W (BCn), ◦ ◦)
(ix) (W (BC4), G
+×(4, 2, 2),W (BC4), ◦ − ◦ ◦)
(x) (W (Dn), D(W (Dn)),W (Dn),Γ(An−1) = ◦ − ◦ − · · · ◦)
(xi) (W (D4), G
+×(4, 2, 2),W (D4), ◦ − ◦)
(xii) (W (I2(km)),W
+(I2(m)),W (I2(km)), ◦
k− ◦) for m, k ≥ 2.
(xiii) (W (F4), G
+×(4, 2, 2),W (F4), ◦ − ◦ ◦ −◦)
(xiv) (W (F4),W
+(D4),W (F4), ◦ − ◦ ◦)
(xv) (W (F4),W
+×(D4),W (F4), ◦ ◦)
(xvi) (W×,W+×,W, ◦) for a reflection group W of type A4, D4, F4, A5 or E6.
(xvii) (W×(D4),W
+(D4),W (D4), ◦ − ◦) (, but Hi 6= F+i , cf. Proposition 55.)
For each quadruple (Grr,M,W,Γ) occurring in this list every reflection in Grr is contained in W .
The group W is reducible in the cases (i) to (iii), irreducible with W = Grr in the cases (iv) to (xv)
and irreducible with W 6= Grr in the cases (xvi) and (xvii).
Remark 1. The preceding theorem is actually a classification of triples (Grr,M,W ) where Grr < On
is a finite irreducible group generated by a rotation groupM and a reflection groupW which are both
normal subgroups of Grr such that the following additional condition holds. If hs is a reflection for
some h ∈M and some reflection s ∈W , then it is contained in W (cf. Section 7).
Assume that the family of triples {(Gi, Hi, Fi)}i∈I , I = {1, . . . , k}, is induced by a reflection-
rotation group. The reflections in G˜ = G1/H1 × · · · × Gk/Hk are the cosets of the reflections in
F1×· · ·×Fk. We call two such reflections s1 ∈ Gi/Hi and s2 ∈ Gj/Hj for i 6= j related, if s1 /∈ G and
if there exists a rotation of the second kind h ∈ G such that s1 = πi(h) and s2 = πj(h). Relatedness
of reflections defines an equivalence relation on the set of reflections in G˜. This equivalence relation
induces an equivalence relation on the set of irreducible components of G˜ and on the set of connected
components of its Coxeter diagram such that equivalence classes of nontrivial irreducible components,
i.e. of those whose Coxeter diagram is not an isolated vertex, consist of two isomorphic components
that belong to different Gi/Hi and are isomorphic via an isomorphism induced by relatedness of
reflections.
Conversely, given such data one first obtains an equivalence relation on the set of reflections con-
tained in G1/H1× · · · ×Gk/Hk and then a reflection-rotation group G < G1 × · · · ×Gk generated by
H , the rotations s1s2 for reflections s1 ∈ Fi and s2 ∈ Fj , i 6= j, whose cosets s1 and s2 are equivalent,
and the reflections s ∈ Fi whose cosets are not equivalent to any other coset of a reflection.
In fact, these assignments are inverse to each other.
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Theorem 4. Reflection-rotation groups are in one-to-one correspondence with families of triples
occurring in Theorem 3, {(Gi, Hi, Fi)}i∈I , with an equivalence relation on the set of irreducible com-
ponents of G˜ = G1/H1 × · · · ×Gk/Hk such that
(i) the elements of an equivalence class belong to pairwise different Gi/Hi,
(ii) each Gi/Hi contains at most one trivial irreducible component that is not equivalent to an-
other component,
(iii) equivalence classes of nontrivial irreducible components contain precisely two isomorphic com-
ponents
together with isomorphisms between the equivalent nontrivial irreducible components that map reflec-
tions onto reflections. A reflection-rotation group corresponding to such a set of data contains a
reflection, if and only if there exists an equivalence class consisting of a single trivial component.
Notice that different isomorphisms between the irreducible components in general yield noncon-
jugate reflection-rotation groups (cf. Section 4.6).
4. Examples and properties
In this section we describe several classes of reflection-rotation groups and discuss some of their
properties.
4.1. Real reflections groups. A real reflection group W is a finite subgroup of an orthogonal
group On generated by reflections, i.e. by orthogonal transformations whose fixed point subspace has
codimension one. Irreducible reflection groups are classified and the types of the occurring groups
are denoted as An, BCn, Dn, E6, E7, E8, F4, H3, H4 and I2(p) for p ≥ 3 [17]. Every reflection
group splits as a direct product of irreducible reflection groups. Since the composition of two distinct
reflections is a rotation and since all compositions of pairs of reflections in a reflection group W
generate the orientation preserving subgroupW+ ofW , this subgroupW+ is always a rotation group.
There is another way to construct a rotation group from a reflection group. If there exists a rotation
h ∈ SOn\W that normalizes W , then h also normalizes W+ and the group W+× = 〈W+, h〉 is again a
rotation group. Now we specify the cases in which new examples arise this way.
Lemma 5. Let W < On be a reflection group and suppose h ∈ SOn\W is a rotation that normalizes
W . If 〈W,h〉 is not a reflection group, then there exists a chamber C of W such that hC = C.
Proof. Since h normalizes W , it interchanges the chambers of W [17, p. 23]. If U = Fix(h) intersects
the interior of some chamber C of W , then we have hC = C. Otherwise U would be contained in
a hyperplane corresponding to some reflection s in W . But then sh would be a reflection and thus
〈W,h〉 = 〈W, sh〉 would be a reflection group. This contradicts our assumption and so the claim
follows. 
Lemma 6. Let W < On be an irreducible reflection group, let C be a chamber of W and suppose
h ∈ SOn is a rotation such that hC = C. Then W has type A4, D4, F4, A5 or E6. Moreover, in the
case of type A4, F4, A5 and E6 such a rotation h is unique. In the case of type D4 there exist two
such rotations which have order 3 and are inverse to each other.
Proof. Because of hC = C, the rotation h permutes the walls of the chamber C and thus corresponds
to an automorphism of the Coxeter diagram of W [17, p. 29]. Since the fixed point subspace of h
has codimension two, we conclude that only the types A4, D4, F4, A5 and E6 can occur for W . The
additional claims follow from the structure of the respective diagrams. 
Lemma 7. Let W < SOn be an irreducible reflection group. Then there exists a rotation h ∈ SOn\W
that normalizes W and W+ such that W+× = 〈W+, h〉 is a rotation group which is not the orientation
CLASSIFICATION OF FINITE REFLECTION-ROTATION GROUPS 7
preserving subgroup of a reflection group if and only if W has type A4, D4, F4, A5 or E6. In this case
the extended group W+× is unique.
Proof. The only if direction is clear by the preceding two lemmas. Conversely, suppose that W has
type A4, D4, F4, A5 or E6. In each case there exists a nontrivial automorphism of the Coxeter diagram
of W . The vertices of this diagram correspond to a set ∆ of outward normal vectors to the walls of
a chamber of W and the diagram automorphism corresponds to a permutation of ∆ [17, p. 29]. Due
to the fact that ∆ is a basis of Rn, this permutation can be extended to a linear transformation h
of Rn. Since h is induced by a diagram automorphism, it preserves the inner products of the vectors
in ∆ which are encoded in the Coxeter diagram of W . Hence the transformation h is orthogonal,
i.e. we have h ∈ On. Moreover, the structure of the Coxeter diagram of W implies that the fixed
point subspace of h has codimension two and that the extension W+× = 〈W+, h〉 obtained in this way
is unique. Finally, it follows easily from the classification of reflection groups, e.g. by a counting
argument, that W+× is not the orientation preserving subgroup of a reflection group in each of the
cases A4, D4, F4, A5 and E6. 
The next lemma will be needed later.
Lemma 8. For n ≥ 5 let W < On be an irreducible reflection group with orientation preserving
subgroup W+. Assume that 〈W,−id〉 is not a reflection group. Then the group G := 〈W+,−id〉 is a
rotation group different from W+ if and only if W has type E6.
Proof. Assume that G is a rotation group different from W+. Then there exists a rotation h ∈ G\W+
that normalizes W . It follows from Lemma 5, Lemma 6 and our assumption n ≥ 5 that W has type
A5 or E6. Since the inversion only preserves the orientation in even dimensions we conclude that W
has type E6.
Conversely, assume that W has type E6 and let C be any chamber of W . Since the inversion
interchanges the chambers of W and W acts transitively on them [17, p. 10], there exists some
w ∈ W such that −wC = C. The fact that the inversion is not contained in W (E6) implies that the
transformation −w is nontrivial and thus induces a nontrivial automorphism of the Coxeter diagram
of W . It follows from the structure of this diagram that −w is a rotation which is why G is a rotation
group different from W+ as claimed. 
Finally, we describe the groups W+×(A5) and W
+×(E6) more explicitly.
Proposition 9. The rotation groups W+×(A5) and W
+×(E6) can be described as follows.
(i) W+×(A5) = 〈W+(A5),−s〉 ∼= S6 for any reflection s ∈ W (A5).
(ii) W+×(E6) = 〈W+(E6),−id〉 ∼= PSU2(4)× Z2.
Proof. For (i) observe that W (A5) ∼= S6 has a trivial center and thus does not contain the inversion.
It follows as in the proof of the preceding lemma that W×(A5) = 〈W (A5),−id〉 and hence W+×(A5) =
〈W+(A5),−s〉 ∼= S6 as claimed. For (ii) see the proof of the preceding lemma. 
4.2. Unitary reflection groups. A unitary reflection group is a finite subgroup of some unitary
group Un generated by unitary reflections, i.e. by unitary transformations of finite order whose fixed
point subspace has complex codimension one. A complete classification of such groups was first
compiled by Shepard and Todd in 1954 [32] and is described in [21]. As in the real case, every unitary
reflection group splits as a direct product of irreducible unitary reflection groups. The irreducible
groups fall into two classes according to the following definition.
Definition 2. A finite subgroup G < GL(V ) is called imprimitive if there exists a decomposition of
the vector space V into a direct sum of proper subspaces V1, . . . , Vl, a system of imprimitivity, such
that for any g ∈ G and for any i ∈ {1, . . . , l} there exists a j ∈ {1, . . . , l} such that ρ(g)(Vi) = Vj .
Otherwise the subgroup is called primitive.
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The imprimitive irreducible unitary reflection groups can be constructed as follows (cf. [21, Chapt.
2, p. 25]). Let µm < C
∗ be the cyclic subgroup of m-th roots of unity. For a factor p of m let
A(m, p, n) :=
{
(θ1, . . . , θn) ∈ µnm|(θ1 . . . θn)m/p = 1
}
and let G(m, p, n) be the semidirect product of A(m, p, n) with the symmetric group Sn. Then the
natural realization of G(m, p, n) in Un is an imprimitive unitary reflection group and every imprimitive
irreducible unitary reflection group is of this form. The following proposition holds [21, Prop. 2.10,
p. 26].
Proposition 10. If m > 1, then G(m, p, n) is an imprimitive irreducible unitary reflection group
except when (m, p, n) = (2, 2, 2) in which case G(m, p, n) is not irreducible.
A primitive unitary reflection group is either a cyclic group µn < U1, a symmetric group in Un given
as a complexified real reflection group of type An, or one of 34 primitive unitary reflection groups
in dimension at most 8 [21, p. 138]. Among the latter 34 groups 19 are two-dimensional. These
groups decompose into 3 families according to whether their image in PU2 ∼= SO3 is a tetrahedral,
an octahedral or an icosahedral group [21, Chapt. 6 and Appendix D, Table 1]. A collection L of
complex lines in Cn that is invariant under all reflections of order two defined by its lines is called a
line system and determines a unitary reflection group W (L) [21, Chapt. 7]. The remaining 15 groups
arise in this way. The occurring line systems are denoted as E6, E7, E8, F4 H3, H4, J (4)3 , J (5)3 , K5, K6,
L4,M3, N4, O4 [21, Thm. 8.29, p. 152 and Appendix D, Table 2], among them the complexifications
of the root systems of real reflection groups of type E6, E7, E8, F4, H3 and H4.
Clearly, a unitary reflection group G < Un gives rise to a rotation group G < SO2n when considered
as a real group. Conversely, we have
Lemma 11. An irreducible rotation group is a unitary reflection group considered as a real group, if
and only if it is not absolutely irreducible.
Proof. The complexification of a complex group considered as a real group is reducible. In fact, it
commutes with the idempotent product of the two complex structures and thus leaves its nontrivial 1-
and (−1)-eigenspace invariant. Conversely, let G < SOn be an irreducible rotation group and suppose
that G is not absolutely irreducible. Then its complexification splits into more than one irreducible
component, i.e.
V C = V1 ⊕ · · · ⊕ Vk
for some k ≥ 2. By restricting the scalars to the real numbers we recover two copies of the original
representation and thus we have k = 2 and V = V R1 = V
R
2 . Hence, G is a unitary reflection group
G < Um with m = dim(V1) = n/2 considered as a real group. 
Moreover, we have
Lemma 12. A rotation group G < SO2n that is a unitary reflection group G < Un considered as
a real group is irreducible, if and only if G < Un is irreducible as a complex group and not the
complexification of a real reflection group.
Proof. If a group G < Un is irreducible over the real numbers, then it is also irreducible over the
complex numbers and cannot be the complexification of a real group (cf. proof of Lemma 11).
Conversely, assume that G < Un is an irreducible unitary reflection group which becomes reducible
after restricting the scalars to the real numbers and let
R
2n = V1 ⊕ · · · ⊕ Vk
be a corresponding decomposition into irreducible real subspaces for some k ≥ 2. Since the complex
structure J is preserved by G, the complex subspaces V1 + JV1 and V1 ∩ JV1 are invariant under the
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action of G and thus we have R2n = V1⊕ JV1, as G is irreducible as a complex group by assumption.
The fact that G and J commute moreover implies that the projection of G to O(V1) is a real reflection
group whose complexification is G. 
We have the following criterion for an irreducible rotation group not to be induced by a unitary
reflection group. In particular, it applies to the groups W+ and W+× for W not of type I2(p).
Lemma 13. Let G < SOn be an irreducible rotation group that is normalized by a reflection s. If
n > 2 then the group G is absolutely irreducible.
Proof. Suppose that G is not absolutely irreducible. The group G× = 〈G, s〉 is absolutely irreducible
since it contains a reflection. Hence, the reflection s permutes the irreducible components of the
complexification of G. This implies n = 2 and thus the claim follows. 
4.3. Rotation groups in low dimensions. All elements of SO2 and SO3 are rotations and thus
every finite subgroup of SO2 and SO3 is a rotation group. This is not true for SO4, but its finite
subgroups and the rotation groups among them can still be described explicitly. We sketch this
description here, a more detailed discussion can be found in [10]. There are two-to-one covering maps
of Lie groups ϕ : SU2 × SU2 → SO4 and ψ : SU2 → SO3. Therefore, the finite subgroups of SO4 can
be determined based on the knowledge of the finite subgroups of SO3. These are cyclic groups Cn of
order n, dihedral groups Dn of order 2n and the symmetry groups of a tetrahedron, an octahedron
and an icosahedron, which are isomorphic to A4, S4 and A5, respectively. Using the covering map
ψ one finds that the finite subgroups of S3 are cyclic groups Cn of order n, binary dihedral groups
Dn of order 4n and binary tetrahedral, octahedral and icosahedral groups denoted by T, O and I,
respectively, and we set V = D2. Except for Cn with odd n, these are two-to-one preimages of
respective subgroups of SO3, i.e. subgroups of SU2 of the form Cn with odd n are the only ones that
do not contain the kernel of ψ. In the following we identify SU2 with the unit quaternions in H. Then
the homomorphism ϕ is explicitly given by
ϕ : SU2 × SU2 → SO4
(l, r) 7→ ϕ((l, r)) : q 7→ lqr−1
where R4 is identified with the algebra of quaternions H and has kernel {±(1, 1)}. The classification
result reads as follows [10, p. 54].
Proposition 14. For every finite subgroup G < SO4 there are finite subgroups L,R < SU2 with
−1 ∈ L,R and normal subgroups LK ⊳L and RK ⊳R such that L/LK and R/RK are isomorphic via
an isomorphism φ : L/LK → R/RK for which
G = ϕ({(l, r) ∈ L×R|φ(πL(l)) = πR(r)})
holds, where πL : L→ L/LK and πR : R→ R/RK are the natural projections. In this case we write
G = (L/LK ;R/RK)φ. Conversely, a set of data (L/LK ;R/RK)φ with the above properties defines a
finite subgroup G of SO4 by the equation above.
Given a finite subgroup G < SO4, for L = π1(ϕ
−1(G)), R = π2(ϕ
−1(G)), LK = {l ∈ L|ϕ((l, 1)) ∈
G} and RK = {r ∈ R|ϕ((1, r)) ∈ G} the quotient groups L/LK and R/RK are isomorphic and with
the isomorphism φ induced by the relation ϕ−1(G) < L×R we have G = (L/LK ;R/RK)φ. In most
cases the conjugacy class of (L/LK ;R/RK)φ in SO4 does not depend on the specific isomorphism φ.
However, there are a few exceptions. Since the finite subgroups of SU2 are invariant under conjugation
[10, p. 53], the groups (L/LK ;R/RK)φ and (R/RK ;L/LK)φ−1 are conjugate in O4. For a list of
finite subgroups of SO4 we refer to [10, p. 57].
Elements of SO4 of the form ϕ(l, 1) and ϕ(1, r) for l, r ∈ SU2 are called left - and rightscrews,
respectively. They commute mutually and for l, r ∈ SU2 there exist a, b ∈ SU2 and α, β ∈ R such
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that a−1la = cos(α) + sin(α)i and brb−1 = cos(β) + sin(β)i. Then, with respect to the basis B =
{ab, aib, ajb, akb}, we have
ϕ(l, 1)B =
(
R(α) 0
0 R(α)
)
, ϕ(1, r)B =
(
R(β) 0
0 R(−β)
)
and thus
ϕ(l, r)B =
(
R(α+ β) 0
0 R(α− β)
)
.
where R(α) is a rotation about the angle α. Consequently, ϕ(l, r) is a rotation if and only if
Re(l) = Re(r) /∈ {±1}. Using this observation it is possible to classify rotation groups in dimen-
sion 4. The primitive rotation groups among them are singled out in [24]. The groups of the form
(Ckm/Cm;R/RK) listed in this paper under number 7.,...,11. preserve a complex structure and
correspond to the primitive unitary reflection groups in dimension 2 (cf. Section 4.2). The groups
in the list that come from real reflection groups are (cf. Section 4.1): W+(A4) = (I/C1; I/C1)
∗,
W+×(A4) = (I/C2; I/C2)
∗,W+×(D4) = (T/T;T/T),W
+(F4) = (O/T;O/T),W
+×(F4) = (O/O;O/O)
and W+(H4) = (I/I; I/I). Here, the star ∗ indicates the choice of an outer automorphism (cf. Pro-
position 14). The remaining primitive rotation groups appearing in [24] are listed in Table 1.
rotation group order
1. (D3m/D3m;T/T) 144m
2. (Dm/Dm;O/O) 96m
3. (Dm/C2m;O/T) 48m
4. (D2m/Dm;O/T) 96m
5. (D3m/C2m;O/V) 48m
6. (Dm/Dm; I/I) 240m
7. (T/T;O/O) 576
8. (T/T; I/I) 1440
9. (O/O; I/I) 2880
Table 1. Primitive rotation groups in O4 that do not preserve a complex structure
and are different from rotation groups of type W+ and W ∗.
4.4. Monomial reflection-rotation groups. An imprimitive linear group is called monomial if it
admits a system of imprimitivity consisting of one-dimensional subspaces (cf. Introduction). Ex-
amples for monomial irreducible reflection-rotation groups are the reflection group of type BCn and
its orientation preserving subgroup. To construct other examples let H < Sn be a permutation group
generated by a set of double transpositions and 3-cycles, e.g. (cf. [27, p. 104])
(i) H = H5 = 〈(1, 2)(3, 4), (2, 3)(4, 5)〉 < S5, H5 ∼= D5
(ii) H = H6 = 〈(1, 2)(3, 4), (1, 5)(2, 3), (1, 6)(2, 4)〉 < S6, H6 ∼= A5
(iii) H = H7 = 〈g1, g2, g3〉 < S7, H7 ∼= PSL2(7) ∼= SL3(2),
(iv) H = H8 = 〈g1, g2, g3, g4〉 < S8, H8 ∼= AG3(2) ∼= Z32 ⋊ SL3(2)
(v) H = An < Sn
where
g1 = (1, 2)(3, 4), g2 = (1, 5)(2, 6), g3 = (1, 3)(5, 7), g4 = (1, 2)(7, 8).
Regarding such a permutation group H < Sn as a subgroup of SOn yields a monomial rotation group,
which is however not irreducible. Other examples of monomial reducible reflection-rotation groups
are the diagonal subgroup D(n) = D(W (BCn)) of a reflection group of type BCn and its orientation
preserving subgroup D+(n) = D(W (Dn)). Both groups are normalized by Sn < SOn. Therefore, we
CLASSIFICATION OF FINITE REFLECTION-ROTATION GROUPS 11
obtain a class of examples defined as semidirect products of D(n) and D+(n), respectively, with a
permutation groupH < Sn as above. We defineMn = D
+(n)⋊Hn for n = 5, . . . , 8,M
×
n = D(n)⋊Hn
for n = 5, . . . , 8 and M×(Dn) = D(n) ⋊ An. Moreover, we can define the following two exceptional
examples of monomial irreducible rotation groups (cf. [27, p. 104])
Mp7 = 〈g1, g2, g3, g5〉 < SO7, Mp8 = 〈g1, g2, g3, g4, g5〉 < SO8,
with g5 = (1, 2)(3, 4) where we write (i, j) for the linear transformation that maps the basis vectors
ei to −ej and −ej to ei.
We record the following fact that can be checked by a computation. The groups AG3(2) and M
p
7
are isomorphic and the restriction of the permutation representation of AG3(2) described in (iv) to
R7 is equivalent to the natural representations of Mp7 on R
7.
4.5. Nonmonomial imprimitive reflection-rotation groups. The imprimitive unitary reflection
groupsG(m, p, n) give rise to a family of imprimitive rotation groups (cf. Section 4.2). Related families
of reflection-rotation groups can be constructed as follows. For a positive integer m and k = 1, 2 the
groups W+(I2(m)) and W (I2(m)) are normal subgroups of W (I2(km)) with abelian quotient. Hence,
A+×(km, k, n) = {(g1, . . . , gn) ∈ W (I2(km))n|(g1 · · · gn) ∈W+(I2(m))}
and
A×(km, k, n) = {(g1, . . . , gn) ∈W (I2(km))n|(g1 · · · gn) ∈ W (I2(m))}
are groups. We define
G+×(km, k, n) = A+×(km, k, n)⋊Sn < SO2n
and
G×(km, k, l) = A×(km, k, l)⋊Sn < O2n
where the symmetric group Sn permutes the components of A
+×(km, k, n) and A×(km, k, n), respect-
ively. Let s, r be the transformation of Cn defined by
s(z1, . . . , zn) = (z1, z2, . . . , zn), r(z1, . . . , zl) = (z1, z2, z3, . . . , zl)
Then we have
G+×(km, k, n) = 〈G(km, k, n), r〉 , G×(km, k, n) = 〈G(km, k, n), s〉
where the complex groups on the right hand sides are regarded as real groups. In particular, the
group G+×(km, k, n) is an imprimitive irreducible rotation group and the group G×(km, k, n) is an
imprimitive irreducible reflection-rotation group for km ≥ 3 and k = 1, 2.
In dimension four, other examples can be constructed in the following way. Letm and k be positive
integers and let ϕ : Dk → Dk be an involutive automorphism of the dihedral group of order 2k that
maps reflections onto reflections. The data {(W (I2(km)),W+(I2(m)),W (I2(km))}i∈{1,2} together
with this automorphism defines a reducible rotation group D (cf. Theorem 4). Since ϕ has order
2, the rotation that interchanges the two irreducible componets of D normalizes D. We denote the
rotation group generated by D and this normalizing rotation by G+×(km, k, 2)ϕ.
4.6. Reducible reflection-rotation group. We say that a reflection-rotation group G is indecom-
posable if it cannot be written as a product of subgroups that act in orthogonal spaces. Every
reflection-rotation group splits as a product of indecomposable components. Basic examples for redu-
cible but indecomposable rotation groups areW+(A1×· · ·×A1) and the diagonal subgroup ∆(W×W )
of the product of two copies of an irreducible reflection groupW < On. The second example preserves
a complex structure and coincides with the unitary reflection group of type W considered as a real
group. More generally, for an automorphism ϕ : W → W that maps reflections onto reflections the
group
∆ϕ(W ×W ) = {(g, ϕ(g)) ∈W ×W |g ∈ W} < SO2n
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is a rotation group. The groups ∆ϕ(W ×W ) and ∆(W ×W ) are conjugate in SO2n, if and only if
the automorphism ϕ is realizable through conjugation by an element in On. This is possible if all
labels of the Coxeter diagram of W lie in {2, 3, 4, 6} [12, Cor. 19, p. 7]. However, reflection groups
of type I2(p), H3 and H4 admit automorphisms that map reflections onto reflections but cannot be
realized through conjugation in On [11, pp. 31-32]. The exceptional rotation groups arising in this
way for W of type H3 and H4 do not preserve a complex structure (cf. Section 4.2) and have not
been studied in the context of [27] (cf. [27, Thm. 2.1, p. 105]). General reducible but indecomposable
reflection-rotation groups are extensions of the examples from this section by irreducible rotation
groups we have described so far (cf. Section 7).
4.7. Exceptional primitive rotation groups. We have already seen a couple of primitive abso-
lutely irreducible rotation groups. The rotation groupsW+(An),W
+(E6),W
+(E7),W
+(E8),W
+×(A5)
and W+×(E6) belong to this class. In this section we describe two other examples.
Lemma 15. There exists a primitive absolutely irreducible rotation group isomorphic to the altern-
ating group A5. We denote it as R5(A5) < SO5.
Proof. We obtain a faithful linear representation of A5 on R
5 by restricting the nontrivial part of the
permutation representation of S6 to the image of an exceptional embedding i : A5 < S5 → S6. This
is the unique absolutely irreducible representation of A5 in dimension 5 [5, p. 2]. Since i maps double
transpositions to double transpositions the corresponding linear group R5(A5) < SO5 is a rotation
group isomorphic to A5. The fact that A5 is a simple group in combination with the results from
Section 5.1 implies that R5(A5) is primitive. 
Lemma 16. There exists a primitive absolutely irreducible rotation group isomorphic to PSL2(7).
We denote it as R6(PSL2(7)) < SO6. The group G = 〈R6(PSL2(7)),−id〉 is not a rotation group.
Proof. The group PSL2(7) has a unique faithful and absolutely irreducible representation in dimension
6 [5, p. 3] and we denote its image by R6(PSL2(7)) < SO6. It can be obtained by restricting the
natural representation of S7 on R
6 to a subgroup described in Section 4.4, (iii). This shows that
R6(PSL2(7)) is generated by rotations. The fact that PSL2(7) is a simple group in combination with
the results from Section 5.1 implies that R6(PSL2(7)) is primitive.
Since the eigenvalues of a cycle (1, . . . , k) regarded as a linear transformation are the k-th roots
of unity, the maximal dimension of the −1-eigenspace of a permutation σ ∈ S7 acting on R6 is 3.
This shows that all rotations contained in G are also contained in R6(PSL2(7)) and hence G is not a
rotation group. 
4.8. A new primitive rotation group. The group W (I2(4)) < O2 is a natural realization of the
dihedral group D4 of order 8. Let H be the tensor product of 3 copies of W (I2(4)), i.e. H =
W (I2(4)) ⊗ W (I2(4)) ⊗ W (I2(4)) < SO8. Then H is an absolutely irreducible group of order 27
and its normalizer N = NSO8(H) contains rotations of order 2, e.g. the linear transformations
that interchange two W (I2(4)) factors. We would like to classify primitive rotation groups G with
H < G < N , as this problem occurs in our classification of rotation groups (cf. Proposition 44).
The images A and N(A) in Int(so8) of the groups H and N are members of a series of finite
subgroups of Int(so2m) studied in connection with gradings of simple Lie algebras. Namely let Hm <
SO2m be the tensor product of m copies of W (I2(4)), i.e. H = H3. Then the group Am = Hm/{±1}
is a so-called Jordan subgroup of Int(so2m). It is a 2-elementary abelian group of order 2
2m and can
be considered as a 2m-dimensional vector space over F2. It is known that the assignment Q(x) = 0
or Q(x) = 1 for x = {±h} depending on whether h2 = 1 or h2 = −1 defines a nondegenerate
quadratic form of Witt index m and that the natural action of N(Hm) on Am defines an isomorphism
of the group N(Hm)/Hm onto the orthogonal group O(Q) [28, Sect. 3.12, Example 4, p. 126],[1, 2].
A quadratic form on a vector space over F2 is called nondegenerate, if the bilinear form f(x, y) =
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Q(x+ y)+Q(x) +Q(y) is nondegenerate. Its Witt index is defined to be the maximal dimension of a
singular subspace, i.e. a subspace on which the quadratic form vanishes identically (cf. [9, Sect. I.16,
p. 34]). Let O+(Q) be the index 2 subgroup of O(Q) whose elements have Dickson invariant 0 (cf. [9,
Sect. II.10, p. 65]) and let L be the preimage of O+(Q) in N . We are going to show that the group L
is a primitive rotation group and that it is the only such group G with H < G < N (cf. Lemma 24).
For a bivector in
∧2
F42 we divide its exterior square computed over Z by 2 and consider the result
modulo 2. This assignment defines a quadratic form Q′ with the wedge product
∧
:
∧2
F42×
∧2
F42 →
F2 as associated bilinear form. Hence, the form Q
′ is nondegenerate and has Witt index 3, a three-
dimensional singular subspace being U ∧ F42 for a one-dimensional subspace U ⊂ F42. It follows that
there exists an isomorphism between (H/{±1}, Q) and (∧2 F42, Q′) [9, Sect. I.16, p. 34]. We identify
H/{±1} and ∧2 F4 via such an isomorphism. In this way we obtain an embedding of SL4(2) into
O(Q). Since both O+(Q) and the image of SL4(2) are normal subgroups of O(Q) isomorphic to the
simple group A8 [5, p. 22] we can identify SL4(2) with O
+(Q).
Due to a Witt type theorem in characteristic 2 proved by C. Arf every isomorphism between
singular subspaces of H/{±1} can be extended to an isometry of H/{±1} [9, Sect. I.16, p. 36; cf.
Sect. I.11, p. 21]. In particular, flags of singular subspaces of H/{±1} with the same signature are
O(Q)-equivalent. Maximal singular subspaces of H/{±1} of the form U ∧ F42 for a one-dimensional
subspace U ⊂ F42 are not O+(Q)-equivalent to maximal singular subspaces of the form U ∧ U for a
three-dimensional subspace U ⊂ F42. For, a subspace of the first type can be annihilate by wedging
with a one-dimensional subspace of F42 whereas a subspace of the second type cannot. Hence, the set
of maximal singular subspaces of H/{±1} decomposes into two O+(Q)-orbits represented by these
two types of subspaces. Each orbit conjoint with a trivial element inherits a vector space structure
over F2 from F
4
2. Three different maximal singular subspaces belong to a two-dimensional subspace
of this vector space, if and only if they intersect in a one-dimensional singular subspace. Hence,
H/{±1} contains 30 maximal singular subspaces. Since, every maximal singular subspace contains 7
one-dimensional (singular) subspaces and every one-dimensional singular subspace is contained in 3
maximal singular subspaces from each O+(Q)-orbit, we see that H/{±1} contains 35 one-dimensional
singular subspaces. Moreover, every two-dimensional singular subspace is contained in precisely one
maximal singular subspace from each O+(Q)-orbit.
A representative of a maximal singular subspace of H/{±1} is given by
(W (I2(2))⊗W (I2(2))⊗W (I2(2)))/{±1}
whereW (I2(2)) < W (I2(4)) is a Klein four-group. The preimage of an i-dimensional singular subspace
of H/{±1} in H is an abelian normal subgroup of H of order 2i+1 with respect to which the space R8
decomposes into an orthogonal sum of 23−i-dimensional weight spaces. Denote the collection of 23−i-
dimensional subspaces obtained in this way from the i-dimensional singular subspaces of H/{±1} by
K23−i and the corresponding collections of involutions whose −1-eigenspaces are the subspaces from
K23−i by R23−i . We record the following lemma.
Lemma 17. The group N acts transitively on K23−i , i = 1, 2, 3. The H-orbits in K23−i have order
2i and are in one-to-one correspondence with the i-dimensional singular subspaces of H/{±1}. In
particular, every element of K23−i uniquely determines an i-dimensional singular subspace of H/{±1}.
Proof. Since the preimage of a singular subspace of H/{±1} in H is a normal subgroup, its weight
spaces are permuted by H . The group H being irreducible implies that these weight spaces are
transitively permuted by H . Now the claim follows since the group N acts transitively on singular
subspaces of H/{±1} of the same dimension. 
A linear transformation f of a vector space V is called a transvection, if there exist e ∈ V \{0} and
a nontrivial linear form α on V with α(e) = 0 such that f(v) = v + α(v)e for all v ∈ V .
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Lemma 18. The rotations in R2 belong to L and project to transvections in SL2(4).
Proof. It is straightforward to check that some rotation in R2 normalizes the group H . Since the
normalizer of H acts transitively on R2 all of them do. Let r ∈ R2 be a rotation. We identify V = F42
with the set of maximal singular subspaces of H/{±1} that are O+(Q)-equivalent to U ∧ F42, U ⊂ F42
being one-dimensional, conjoint with a trivial element. Let W2 be the two-dimensional singular
subspace of H/{±1} determined by r (cf. Lemma 17) and let W3 be the unique maximal singular
subspace of H/{±1} with W2 ⊂ W3 ∈ V . The union U =
⋃
σ∈W2\{0}
σ ⊂ V , where the nontrivial
elements σ ∈ W2 are regarded as two-dimensional subspaces of V via the identification H/{±1} =∧2
V , is a three-dimensional subspace of V . Indeed, for v1 ∈ σ1 ∈ W2\{0} and v2 ∈ σ2 ∈ W2\{0}
with v1∧v2 /∈ W2 we have (v1+v2)∧ (σ1+σ2) = v2∧σ1+v1∧σ2 = 0 because of σ1∧σ2 = 0 and thus
v1 + v2 ∈ σ1 + σ2 ⊂ U . For a maximal singular subspace W ∈ U there exists some nontrivial h ∈ H
with {±h} ∈W ∩W2 (for W 6=W3 take {±h} =W ∧W3) and we can assume that Fix(h) ⊂ Fix(r).
Therefore r leaves some weight space corresponding to W invariant. Since H acts transitively on the
weight spaces corresponding to W , the rotation r permutes them and hence fixes W . This means
that r acts trivially on U . In particular, it leaves V invariant and thus belongs to L. Let W ′ ∈ V \U .
If r would be the identity on V and thus on H/{±1} = ∧2 V , we had r ∈ H [28, Thm. 3.19, (1),
p. 126], a contradiction. Hence, W = W ′ + r(W ′) ∈ U is nontrivial and for any W ′′ ∈ V \U we have
r(W ′′) = r(W ′′ +W ′) + r(W ′) = W ′′ +W , because of W ′′ +W ′ ∈ U . Consequently, the rotation r
acts on V like the transvection defined by e = W ∈ V and the linear form α corresponding to the
three-dimensional subspace U ⊂ V . 
Moreover, we have
Lemma 19. The group L is a rotation group generated by R2. The set R2 has order 420.
Proof. Since all transvections in SL4(2) are conjugate and generate SL4(2) (cf. [9, Sect. II.1, p. 37])
we see that 〈R2〉 maps onto SL4(2) by the preceding lemma. Moreover, since every one-dimensional
singular subspace of H/{±1} is contained in a two-dimensional singular subspace of H/{±1}, every
element h ∈ H with Q({±h}) = 0 can be written as a product of rotations in R2. This implies
H ⊂ 〈R2〉 and thus L is generated by R2. The group SL4(2) contains (24 − 1)(23 − 1) = 105
transvections and the H-orbit of any rotation in R2 contains 4 rotations by Lemma 17. We conclude
that the set R2 has order 420. 
Now we can show the following statement.
Proposition 20. The rotation group L < SO8 is primitive and absolutely irreducible.
Proof. The group L is absolutely irreducible, as it contains the absolutely irreducible group H . The
fact that L/H ∼= SL2(4) is a simple group implies that all other normal subgroups of L are contained
in H . The nontrivial center of L is the only subgroup ofH normalized by all rotations in L. Therefore,
H and {±id} are the only nontrivial normal subgroups of L. Assume that L is an imprimitive group
and let R8 = V1 ⊕ · · · ⊕ Vk, k ∈ {4, 8}, be a hypothetical decomposition into subspaces that are
permuted by L. The diagonal subgroup D = D(L) with respect to this system of imprimitivity is
normal in L and satisfies |D| ≥ |L/8!| = 64, because L/D embeds into the symmetric group Sk.
Therefore, we would have D = H which is impossible, since H is irreducible and D is not. Hence the
claim follows. 
Our next aim is to show that every rotation in N is contained in R2. To this end we first construct
certain rotations in R2 that are needed in the proof.
Lemma 21. The span of any two distinct one-dimensional weight spaces corresponding to a maximal
singular subspace of H/{±1} is contained in K2, i.e. it occurs as a weight space of a two-dimensional
singular subspace of H/{±1} and corresponds to a rotation in R2.
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Proof. Let H0 < H be the subgroup corresponding to a maximal singular subspace of H/{±1} and
let v1, v2 ∈ R8 be unit vectors spanning two different weight spaces of H0. One only needs to find
h1, h2 ∈ H0 that project onto linearly independent elements in H/{±1} such that v1 and v2 belong
to the same eigenspace of hi, i = 1, 2. A case differentiation shows that this is always possible. 
Let {e1, e2} be the standard basis of R2 and let {εi|i ∈ {1, . . . , 8}} = {ei ⊗ ej ⊗ ek|i, j, k ∈ {1, 2}}
be the induced basis of R8 = R2 ⊗ R2 ⊗ R2 ordered lexicographically. We set V1 := 〈ε1, ε2, ε3, ε4〉,
σ1 := 〈ε1, ε2〉 and σ2 := 〈ε3, ε4〉. Clearly, we have V1 ∈ K4 and σ1, σ2 ∈ K2. For a reflection s ∈
NO2(W (I2(4)))\W (I2(4)) with s(
√
2e1) = e1+e2 we set ν2 = id⊗s⊗ id ∈ N and ν3 = id⊗ id⊗s ∈ N .
Then with
α1 := ν2(ε1) = ε1 + ε3, α2 := ν2(ε2) = ε2 + ε4,
and
β1 := ν3(ε1) = ε1 + ε2, β2 := ν3(ε5) = ε5 + ε6
we have 〈α1〉 , 〈α2〉 , 〈β1〉 , 〈β2〉 ∈ K1 because of ν2, ν3 ∈ N and σ = 〈α1, α2〉 , τ1 = 〈ε1, ε5〉 , τ2 =
〈β1, β2〉 ∈ K2 by Lemma 21. Let r, r1, r2 ∈ R2 be the rotations corresponding to σ, τ1, and τ2,
respectively, and let R = 〈r1r2〉 < N be the group generated by r1r2. The group R is isomorphic to a
dihedral group of order 8 and leaves σ1 and σ2 invariant. The rotation r interchanges σ1 and σ2 and
thus so do the conjugates of r under the group R. Hence, there are at least 8 different rotations in
R2 that interchange σ1 and σ2.
Lemma 22. Every rotation in N is contained in R2.
Proof. Let g ∈ N be a rotation. Then there exists a one-dimensional singular subspace of H/{±1}
spanned by some {±h} with g{±h}g−1 6= {±h}. For, otherwise g would be the identity on H/{±1}
and thus contained in H [28, Thm. 3.19, (1), p. 126]. We set h′ = ghg−1. Since g is a rotation
the intersection Fix(h) ∩ Fix(h′) is nontrivial. The eigenvalue structure of the elements in H and
the fact that h 6= h′ implies that hh′ has order 2. Hence, the group H0 = 〈h, h′〉 projects onto a
two-dimensional singular subspace of H/{±1} that is contained in a maximal singular subspace W .
Two of the four weight spaces of H0 are pointwise fixed by g, the other two are interchanged by
g. In particular, the rotation g has order 2. The one-dimensional weight spaces defined by W are
contained in the two-dimensional weight spaces of H0. Since H acts transitively on the weight spaces
corresponding to W and since g fixes one of them, it permutes the others. Due to the transitivity
of the N action on flags of singular subspaces of H/{±1} we can assume that gσ1 = σ2 and that
the weight spaces corresponding to W are spanned by ε1, . . . , ε8. There are only 8 rotations in SO8
with these properties and we have seen above that all of them are contained in R2. Hence the claim
follows. 
We also need the following lemma. Recall that the action of L on H/{±1} = ∧2 F42 descends to an
action on F42.
Lemma 23. Let G < L be a rotation group and suppose that G leaves a symplectic form on F42
invariant. Then the group H is not contained in G.
Proof. SupposeG < L is a rotation group that leaves a symplectic formB on F42 invariant. The formB
defines a nontrivial G-invariant linear form β on
∧2
F
4
2. By duality with respect to the nondegenerate
bilinear form
∧
:
∧2
F42×
∧2
F42 → F2, the form β in turn gives rise to a nontrivial G-invariant bivector
b ∈ ∧2 F42 that corresponds to a G-invariant coset {±h} ∈ H/{±1} for some nontrivial element h ∈ H .
The two (possibly complex) four-dimensional eigenspaces of h corresponding to different eigenvalues
cannot be permuted by a rotation. Hence, the group G, being generated by rotations, not only fixes
{±h} but also h. Since the bilinear form associated with Q is nondegenerate, the center of H is given
by {±1} and thus the group H cannot be completely contained in G. 
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Now we can prove
Lemma 24. The only primitive rotation group G with H < G < N is the group L.
Proof. Let G < N be a rotation group. By Lemma 22 we have G < L and thus we can consider the
action of G on F42. If there exists a one- or three-dimensional G-invariant subspace U of F
4
2, then G
leaves a maximal singular subspace of H/{±1} = ∧2 F42 invariant (either U ∧ F42 or U ∧U depending
on whether U is one- or three-dimensional). The corresponding collection of weight spaces defines a
system of imprimitivity of G and thus G is imprimitive in this case. If there exists a two-dimensional
invariant subspace of F42, then the group G fixes a one-dimensional singular subspace of H/{±1}
spanned by some {±h}. Again, since the group G is generated by rotations it normalizes h (cf. proof
of Lemma 23) and is thus reducible. Otherwise, the group G acts irreducibly on F42. Since its image in
SL4(2) is generated by transvections (cf. Lemma 22 and Lemma 19), it either preserves a symplectic
form on F42 or we have G = L [23, p. 108]. In the first case the group H is not contained in G by
Lemma 23 and thus the claim follows. 
Finally, we explain how the rotation group L is connected to a reflection group of type E8. Let R1
and R2 be given by the sets of vectors
±εi ± εj (i < j), 1
2
8∑
i=1
±εi (even number of + signs)
and
±εi, (±εi ± εi+1 ± εj ± εj+1)/2, i 6= j, i, j ∈ {1, 3, 5, 7},
(±εi ± εj ± εk ± εl)/2, i ∈ {1, 2}, j ∈ {3, 4}, k ∈ {5, 6}, l ∈ {7, 8},
i+ j + k + l ≡ 0 mod 2
respectively. Then R1 and R2 are root systems of type E8 permuted by an involution of N . Moreover,
a computation shows that the vectors in R1 and R2 span the subspaces in K1 corresponding to the
two orbits of L, so that a two-dimensional subspace of R8 belongs to K2 if and only if its intersection
with R1 ∪ R2 is a root system of type I2(4) and so that a four-dimensional subspace of R8 belongs
to K4 if and only if its intersection with R1 ∪R2 is a root system of type F4. In particular, we have
L = 〈R〉 < W (R1) ∩W (R2).
Proposition 25. The group L is the intersection of two reflection groups of type E8 permuted by N .
More precisely, L =W (R1) ∩W (R2).
Proof. Since W (R1) ∩W (R2) leaves K4 invariant, it normalizes H and thus we have L < W (R1) ∩
W (R2) < N . An element g ∈ N\L satisfies g(R1) = R2 and is therefore not contained in W (R1) ∩
W (R2). Hence, the claim follows, as L has index 2 in N . 
4.9. Properties of exceptional rotation groups. The monomial rotation group M8 contains the
group H from the preceding section as a normal subgroup and is thus itself a subgroup of the rotation
group L. In fact, every subgroup of L which is maximal among subgroups fixing one of the systems of
imprimitivity of H described above is of this type. Therefore the group L also contains the rotation
groups R6(PSL2(7)), M7, M
p
7 and M
p
8 as subgroups (cf. Section 4.4). In this section we record some
of their properties that are related to properties of the corresponding quotient spaces considered in
[27].
Lemma 26. The rotation groups listed in Theorem 1, (v) only contain rotations of order 2.
Proof. For the groups R5(A5),M5 andM6 the claim can be readily checked. For the group L it follows
from Lemma 22 and thus it also holds for its subgroups R6(PSL2(7)), M7, M8, M
p
7 and M
p
8 . 
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We denote the plane systems defined byM5,M6, M7, M8, M
p
7 ,M
p
8 , R5(A5), R6(PSL2(7)) and L as
P5, P6, P7, P8, Q7, Q8, R5, S6 and T8 and the corresponding rotation group by M , e.g. L =M(T8).
Lemma 27. All isotropy groups of the rotation groups R6(PSL2(7)), M
p
7 , M
p
8 and L are rotation
groups (cf. Section 8).
Proof. Let G be one of the groups listed above. The claim follows if one can show that each element
g ∈ G can be written as a composition of rotations in G whose fixed point subspace contains the fixed
point subspace of g. It suffices to check this property for one representative in each conjugacy class
of G. For the listed groups this can be verified with a computer algebra system like GAP. 
Lemma 28. The rotation group M(S6) = R6(PSL2(7)) of order 168 = 2
3 · 3 · 7 contains a rotation
group isomorphic to S4.
Proof. The double transpositions (1, 7)(3, 5), (1, 5)(3, 7) and (1, 4)(6, 7) generate a subgroup of the
rotation group R6(PSL2(7)) < S7 < SO6 (cf. Lemma 16) isomorphic to S4. 
Lemma 29. The rotation group M(Q7) = M
p
7 of order 1344 = 2
6 · 3 · 7 contains rotation groups of
order 192 = 26 · 3 and 168 = 23 · 3 · 7.
Proof. The rotation group generated by (1, 3)(2, 4), (2, 4)(5, 7), (2, 3)(6, 7) and (3, 4)(5, 6) is a reducible
subgroup of Mp7 (cf. Section 4.4) of type
{(W (D4), D(W (D4)),W (D4),Γ(A3)), (W (A3),W+(A1 ×A1 ×A1),W (A3), ◦ − ◦)}.
Moreover, the rotation group R6(PSL2(7)) of order 168 is contained inM
p
7 (cf. Lemma 16 and Section
4.4). 
Lemma 30. The rotation group M(Q8) =M
p
8 of order 2
10 · 3 · 7 contains a reducible rotation group
G of order 29 · 3 with k = 2 and
(Gi, Hi, Fi, Gi/Hi) = (W (D4), D(W (D4)),W (D4),W (A3)),
i = 1, 2 (cf. Theorem 3), which is normalized by an element h of order 2 that interchanges the
irreducible components of G. Moreover, it contains the rotation group R6(PSL2(7)) of order 2
3 · 3 · 7.
Proof. The rotations (1, 5)(4, 8), (1, 6)(3, 8), (2, 5)(3, 8), (3, 7)(4, 8) and (3, 4)(5, 6) generate a sub-
group G of Mp8 < S8 (cf. Section 4.4) that leaves the subspace 〈ε1, ε2, ε5, ε6〉 and its ortho-
gonal complement invariant. In fact, it is a reducible rotation group of type (Gi, Hi, Fi, Gi/Hi) =
(W (D4), D(W (D4)),W (D4),W (A3)), i = 1, 2. The involution h = (1, 8)(2, 7)(3, 6)(4, 5) is contained
in Mp8 , normalizes the group G and interchanges its two irreducible subspaces. The rotation group
R6(PSL2(7)) is contained in M
p
8 as well (cf. Lemma 16 and Section 4.4). 
Lemma 31. The rotation group M(T8) = L of order 2
13 · 32 · 5 · 7 contains the rotation group M8
of order 213 · 3 · 7 and unitary reflection groups W (F4) and W (N4) of order 27 · 32 and 29 · 3 · 5,
respectively.
Proof. It follows from the description of a line system of type O4 ([21, Sect. 6.2, p. 109], cf Section 4.2)
and the remark preceding Proposition 25 that L contains a unitary reflection group of type W (O4),
which itself contains unitary reflection groups of type W (F4) and W (N4) [21, Sect. 6.2, p. 109]. 
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5. Irreducible rotation groups
In this section we prove the classification of irreducible rotation groups, i.e. Theorem 1. Let
G < SOn be an irreducible rotation group. If the complexification of G is reducible, then G is
an irreducible unitary reflection group that is not the complexification of a real reflection group,
considered as a real group by Lemma 11 and Lemma 12. Hence, we are in case (i) if n = 2 or in
case (ii) or (iii) if n > 2 of Theorem 1. Otherwise G is absolutely irreducible. The classification
of imprimitive absolutely irreducible rotation groups and primitive absolutely irreducible rotation
groups in dimensions n ≥ 5 is treated separately in the following two sections. Together with the
classification in dimension n ≤ 4 treated in Section 4.3, the results of these sections form a complete
proof of Theorem 1.
5.1. Imprimitive rotation groups. For a finite imprimitive group G we can always assume that the
subspaces V1, . . . , Vl constituting a system of imprimitivity for G are orthogonal and that G < SOn.
If G is moreover an irreducible rotation group, then it acts transitively on the set of these subspaces
and thus all of them have the same dimension, either one or two. In the first case the group is called
monomial. The classification of absolutely irreducible monomial and nonmonomial imprimitive rota-
tion groups is treated separately in the following two paragraphs.
Monomial rotation groups. Assume that G is monomial. Since it is also orthogonal, each row
and each column of any element of G contains precisely one element from {±1}. In particular, G is
contained in a reflection group of type BCn. Therefore, we obtain a homomorphism from G to the
symmetric group Sn with the diagonal matrices D of G as kernel. Its image isomorphic to G/D is
a transitive subgroup of Sn generated by transpositions, double transpositions and 3-cycles. Such
groups are classified in [14, Thm. 2.1, p. 500].
Theorem 32. Let H be a transitive permutation subgroup of Sn generated by a set of transpositions,
double transpositions and 3-cycles such that H does not admit a two-dimensional system of imprim-
itivity, i.e. a partition of {1, . . . , n} into subsets of order two that are interchanged by H. Then, up
to conjugation, H is one of the following groups.
(i) Sn
(ii) An
(iii) H5 = 〈(1, 2)(3, 4), (2, 3)(4, 5)〉 < S5, H5 ∼= D5
(iv) H6 = 〈(1, 2)(3, 4), (2, 3)(4, 5), (3, 4)(5, 6)〉 < S6, H6 ∼= A5
(v) H7 = 〈(1, 2)(3, 4), (1, 3)(5, 6), (1, 5)(2, 7)〉 < S7, H7 ∼= PSL2(7) ∼= SL3(2)
(vi) H8 = 〈H7, (5, 6)(7, 8)〉 < S8, H8 ∼= AG3(2) ∼= Z32 ⋊ SL3(2).
For each permutation group H described above there exists a monomial rotation group M < SOn
whose diagonal subgroupD = D(n) contains all linear transformations that change the sign of an even
number of coordinates (cf. Section 4.4) such that M/D ∼= H . Except in case (i) this is a semidirect
product of the permutation group H with D(n).
In [14, Table I-III, p. 503] Huffman classifies irreducible monomial groups over the complex numbers
that are generated by transformations with an eigenspace of codimension two. These tables contain
all complexified monomial absolutely irreducible rotation groups. Together with [25, p. 90] they imply
the following result, where we write (i, j) for the linear transformation that maps ei to −ej, −ej to
ei and all other standard basis vectors to itself.
Proposition 33. Let G < SOn be a monomial absolutely irreducible rotation group that does not
admit a two-dimensional system of imprimitivity. Then, up to conjugation, G is one of the following
groups
(i) M(Pn) =Mn = D(n)⋊Hn, n = 5, 6, 7, 8, for Hn as in Theorem 32.
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(ii) M(Q7) =M
p
7 < M7 and M(Q8) =M
p
8 < M8 as in Section 4.4. These groups are extensions
of PSL2(7) by a group of order 2
3 and 27, respectively.
(iii) An orientation preserving subgroup W+ of a reflection group W of type BCn or Dn.
For n > 4 this result follows from [15, Table I-III, p. 503], since all other complexified real groups
occurring in these tables are either reducible (Group 1, e = g = α = 1, in Table I, Group 1,
e = g = α = 1, in Table II, the first groups for G = AG3(2) and G = PSL2(7) with e = g = α = 1
in Table II, the second group for G = A5 with e = g = 1, α = −1 in Table III and Group G = D5,
e = g = h = 1 in Table III), conjugate to a group described in the proposition above (the conjugacy
class in SO8 of the second group for G = AG3(2), e = g = 1, in Table III is independent of the choice
of α ∈ {±1}) or conjugate to a primitive rotation group (Group 3, e = g = 1, c = 1 in Table II is
conjugate to the primitive rotation group R5(A5)) (note that the conditions f = 1 and e ∈ {1, 2}must
be satisfied in these tables in order for G to be an orientation preserving real group). For arbitrary n
the result was independently obtained by working over the real numbers in [25, p. 90]. In particular,
for n ≤ 4 a case differentiation shows that only the listed groups occur.
Two-dimensional system of imprimitivity. Now assume that G admits a two-dimensional
system of imprimitivity Rn = V1 ⊕ . . . ⊕ Vl where n = 2l. The block diagonal subgroup D is the
kernel of the natural homomorphism φ : G→ Sl. Since G is irreducible and generated by rotations,
its image is a transitive subgroup of Sl generated by transpositions and thus all of Sl [21, Lem. 2.13,
p. 28]. In particular, G contains transformations of type
ti =


I
. . .
0 Q−1i
Qi 0
. . .
I


with tiVi−1 = Vi
for each i = 2, . . . , l such that G = 〈D, t2, . . . , tl〉 [15, p. 511]. Conjugating successively by the
transformations I ⊕ Q−12 ⊕ I . . . ⊕ I, I ⊕ I ⊕ (Q3Q2)−1 ⊕ I . . . ⊕ I, . . ., we can assume that Qi = I,
i = 2, . . . , l. Each rotation in g ∈ G is of one of the following four types (cf. [26])
(1) g|Vi = Q, g|V ⊥i = id
(2) g|Vi⊕Vj =
(
0 Q−1
Q 0
)
, g|(Vi⊕Vj)⊥ = id
(3) g|Vi⊕Vj =
(
R1 0
0 R2
)
, g|(Vi⊕Vj)⊥ = id
(4) g|Vi⊕Vj =
(
0 R−1
R 0
)
, g|(Vi⊕Vj)⊥ = id
for distinct i, j ∈ {1, . . . , l} and orthogonal matrices Q with determinant 1 and R, R1 and R2 with
determinant −1, respectively. Note that if G contains a rotation of type (4), then it also contains a
rotation of type (3). Therefore, if G does not contain a rotation of type (3), then it preserves the
complex structure J := J0 ⊕ . . .⊕ J0, where
J0 =
(
0 1
−1 0
)
.
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In this case G is induced by a unitary reflection group of type G(m′, p′, l) for some p′|m′ (cf. Section
4.2). Otherwise, each rotation in G can be written as a composition of rotations of type (3) and the
ti, i = 2, . . . , l, i.e. G is generated by them. Moreover, since the ti normalize the set of rotations of
type (3), the diagonal subgroup D is generated by these rotations. Let Gi < O(Vi) be the projection
of G to O(Vi), let Hi < SO(Vi) be the subgroup of G generated by rotations of type (1) contained in
G and set H = H1 × . . .×Hl < G. All Gi are conjugate and isomorphic to a dihedral group Dkm of
order 2km and all Hi are conjugate and isomorphic to a cyclic group Cm of order m. Assume that
Q ∈ G1 is a rotation of maximal order. Since the diagonal subgroup D is generated by rotations of
type (3), there exists a rotation Q′ ∈ G2 such that
Q ⊕Q′ ⊕ I ⊕ . . .⊕ I ∈ G.
Let us now assume that n > 4. Then, because of l ≥ 3, we also have
(5) Q⊕Q−1 ⊕ I ⊕ . . .⊕ I ∈ G.
Since there exists a rotation R1 ⊕ I ⊕R2 ⊕ I ⊕ . . .⊕ I ∈ G of type (3), we deduce that
QR1Q
−1 ⊕ I ⊕R2 ⊕ . . .⊕ I ∈ G
and thus
(6) Q2 ⊕ I ⊕ . . .⊕ I = QR1Q−1R1 ⊕ I ⊕R22 ⊕ . . .⊕ ∈ G.
This shows k ∈ {1, 2}, that the subgroup of G generated by the rotations of type (1) and (2) contained
in G is given by A+×(km, k, l) (cf. Section 4.5) and that the group G is generated by G(km, k, l) and a
transformation r that conjugates the first two coordinates, i.e. r(z1, z2, z3 . . . , zl) = (z1, z2, z3 . . . , zl),
where we identify R2l with Cl. Hence, we have proven the following proposition.
Proposition 34. The imprimitive absolutely irreducible rotation groups G < SOn for n = 2l ≥ 5 that
admit a two-dimensional system of imprimitivity are up to conjugation G+×(km, k, l) = 〈G(km, k, l), τ〉 <
SOn with k = 1, 2 and km ≥ 3. The group G+×(km, k, l) has order 2l−k(km)ll!.
For n = 4 there is no restriction on k and for a specific k there can be several geometrically
inequivalent rotation groups (cf. Section 4.5). More precisely, we have
Proposition 35. The imprimitive absolutely irreducible rotation groups G < SO4 that admit a two-
dimensional system of imprimitivity are precisely the unique extensions of reducible rotation groups
D defined by a set of data (cf. Theorem 4)
({(W (I2(km)),W+(I2(m)),W (I2(km))}i∈{1,2}, ϕ),
km ≥ 3, where ϕ : Dk → Dk is an involutive automorphism of Dk =W (I2(km)/W+(I2(m)) that maps
reflections onto reflections, by a normalizing rotation that interchanges the two irreducible components
of D. They are denoted as G+×(km, k, 2)ϕ (cf. Section 4.5).
Proof. Let G < SO4 be an imprimitive absolutely irreducible rotation group as considered above.
Then we have G = 〈D, t2〉 where the block diagonal subgroup D < G is a reducible rotation group
described by a set of data
{(W (I2(km)),W+(I2(m)),W (I2(km))}i∈{1,2},
ϕ : Dk → Dk where ϕ is an automorphism of Dk ∼= W (I2(km))/W+(I2(m)) that maps reflections
onto reflections. Since t2 normalizes D, the automorphism ϕ has order 2. Any other rotation that
normalizes D and interchanges its two irreducible components can be conjugated to t2 by an element
in the normalizer of D. 
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5.2. Primitive rotation groups. In this section we prove the classification of primitive absolutely
irreducible rotation groups in dimension n ≥ 5. The complexification of a primitive absolutely ir-
reducible rotation group is irreducible but a priori not primitive (the complexification of R5(A5) is
monomial). However, we are going to show that it satisfies the following property if n ≥ 5.
Definition 3. An irreducible complex representation ρ : G → GL(V ) is called quasiprimitive if for
every normal subgroup N of G the restriction ρ|N splits into equivalent representations.
Indeed, we have
Lemma 36. The complexified natural representation of a primitive absolutely irreducible rotation
group G < SOn with n ≥ 5 is quasiprimitive.
Proof. Let N be a normal subgroup of G and let Rn = V1 ⊕ . . .⊕ Vk be a decomposition into irredu-
cible components with respect to the action of N . By Clifford’s theorem [7, Thm. 49.1, p. 343] these
irreducible components lie in one orbit for the action of G on the equivalence classes of irreducible
representations of N . Therefore, all of them are equivalent, because otherwise distinct isotypic com-
ponents would define a nontrivial system of imprimitivity. Now the claim follows if we can show that
the complexifications of the Vi split into subrepresentations all of which are equivalent. If this were
not the case, by the Frobenius-Schur theorem [38, Thm. 4.7.3, p. 153] we would have V Ci = Ui⊕U∗i for
equivalent irreducible representations Ui, i = 1, . . . , k, which are inequivalent to U
∗
i and accordingly
C
n = U1 ⊕ . . .⊕ Uk︸ ︷︷ ︸
=:Uˆ
⊕U∗1 ⊕ . . .⊕ U∗k︸ ︷︷ ︸
=:Uˆ∗
.
Then for any g ∈ G we would either have gUˆ = Uˆ or gUˆ = Uˆ∗. The second case yields a contradiction
because G is generated by rotations and since dim Uˆ > 2 holds by assumption. But gUˆ = Uˆ for all
g ∈ G also yields a contradiction since we have assumed G to be absolutely irreducible. Consequently
the complexified representation is quasiprimitive as claimed. 
A nontrivial rotation group G < SOn contains an element with eigenvalues ξ, ξ¯, 1, . . . , 1, where ξ is
a nontrivial root of unity. We call such an element a special r-element if ξ is an r-th root of unity. On
the assumptions of this section the complexification of G is quasiprimitive due to the preceding lemma.
Finite quasiprimitive unimodular linear groups over the complex numbers in dimension higher than
four that contain a special r-element are classified in [4, 16, 37, 15]. More precisely, in these papers
possible quotient groups G/Z1 are listed, where Z1 is a subgroup of the center Z of G. According
to [16, Thm. 1, p. 54] it is sufficient to consider the cases r = 2 and r = 3, since the existence of a
special r-element for any prime r = p > 3 implies n ≤ 4. The case r = 3 is treated in [15, Thm. 2,
p. 261] and the case r = 2 is treated in [37, Thm. 1, p. 58] for n ≥ 6 and in [4, Thm. 9.A, p. 91], [15,
Table I-III] for n = 5.
Now we go through the cases and inspect which of the listed groups actually come from complexified
primitive rotation groups, i.e. we examine the corresponding faithful complex representations. Such
a representation can be excluded if it does not preserve the orientation or if it is not real meaning
that it cannot be realized over the real numbers. The latter is in particular the case, if the restriction
of the representation to a subgroup is not real or, by Schur’s lemma, if the center Z of G has more
than two elements. There is another convenient way to check whether an irreducible representation
ρ : G→ GLn(C) is real or not. The Schur indicator of such a representation is defined as
Ind(ρ) =
1
|G|
∑
g∈G
χ(g2)
and it takes values in {1, 0,−1}. Depending on its value the representation is said to be real, complex
or quaternionic and only in the first case can it be realized over the real numbers [31, p. 108]. Also note
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that if ρi : Gi → GL(Vi), i = 1, 2, are irreducible complex representations, then their tensor product ρ :
G1×G2 → GL(V1⊗V2) is irreducible and its Schur indicator is given by Ind(ρ) = Ind(ρ1)Ind(ρ2). Once
we have found a real and orientation preserving representation we check whether the corresponding
linear group is actually generated by rotations.
If G is an absolutely irreducible rotation group its center is either trivial or {±1} by Schur’s lemma
and thus the same holds for Z1. Therefore, in order to check if a given group G1 = G/Z1 comes
from a rotation group we only have to examine the representations of G1 and of its two-fold central
extensions. We will often be in a situation where G1 is a perfect group. In this case its two-fold central
extensions can be described as follows. Recall that the quotient of a perfect group by its center is
centerless due to Gru¨n’s Lemma [30, p. 61].
Lemma 37. Let G be a central extension of a perfect group G1 by Z1 ∼= Z2. Then one of the following
two cases holds
(i) G is perfect and thus a perfect central extension of G1.
(ii) G ∼= G1 × Z1
Moreover, if Z(G) = Z1, then in the first case the center of G1 is trivial by Gru¨n’s Lemma.
Proof. Let π : G→ G1 be the natural projection. Since G1 is perfect we have π(G′) = G1, where G′
is the commutator subgroup of G. Therefore, the index of G′ in G is either 1 or 2. If it is 1 we have
G = G′ and we are in case (i). If it is 2 we have G′ ∩Z1 = {1} and hence G = G′ ×Z1 with G′ ∼= G1
and we are in case (ii). 
Likewise the following lemma follows.
Lemma 38. Let G be a central extension of a group G1 = 〈P1, a〉 which is generated by a perfect
group P1 and an automorphism a of P1 of order 2 by Z1 ∼= Z2. Let P be the preimage of P1 in G and
let a˜ be a preimage of a in G. Then we have G = 〈P, a˜〉 and one of the following two cases holds.
(i) P is perfect and Z1 < P .
(ii) G ∼= G1 × Z1
Note that if G1 in Lemma 37 or P1 in Lemma 38 is a simple group, then the irreducible represent-
ations of G1 and G can be looked up in many cases in [5].
We begin by inspecting the possible groups in dimension five. The only irreducible complex five-
dimensional linear group generated by elements with codimension two fixed-point subspace that is
monomial and quasiprimitive is described in [15], Table II, Group 3, e = g = c = 1 (cf. [15, Table
I-III, p. 503] and note that the diagonal subgroup D of a monomial group G can only consists of
homotheties in order for G to be quasiprimitive). This representation can also be realized over the
real numbers and as such its image is the primitive absolutely irreducible rotation group R5(A5) we
have described in Lemma 15. All other complexified primitive absolutely irreducible rotation groups
in dimension 5 must occur in the following list which we cite from [4, Thm. 9.A, p. 91].
Theorem 39. Let ρ : G → SL5(C) be a faithful and irreducible representation of a finite group G
which is not monomial. Then one of the following cases holds.
(A) G/Z ∼= PSL2(11).
(B) G/Z is a symmetric or alternating group on five or six letters.
(C) G/Z ∼= O5(3) ∼= PSp4(3) ∼= PSU4(2).
(D) G is a uniquely determined group of order 24 · 54 and has a nonabelian normal subgroup N
of order 125 and exponent 5.
(E) G is a certain subgroup of the group in (D) that still contains N as a normal subgroup.
We can use this result to identify the primitive rotation groups in dimension five.
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Proposition 40. The primitive absolutely irreducible rotation groups G < SO5 are given, up to
conjugation, as follows
(i) The group M(R5) = R5(A5) (cf. Lemma 15).
(ii) The orientation preserving subgroup W+ of the reflection group W of type A5.
(iii) The group W+×(A5) isomorphic to S6 (cf. Proposition 9, (i)).
Proof. We go through the cases listed in Theorem 39. We can assume that the center Z is trivial,
since the dimension is odd and the orientation has to be preserved by G.
(A) All five-dimensional irreducible representations of PSL2(11) have Schur indicator 0 [5, p. 7]
and thus this case can be excluded.
(B) The alternating group A5 has one five-dimensional absolutely irreducible real representation
[5, p. 2], which is described in Lemma 15. This gives the rotation group in case (i).
The symmetric group S5 has one five-dimensional absolutely irreducible real representation, which
is induced by the exceptional embedding i : S5 → S6 [5, p. 2] that maps a transposition in S5 to
a triple transposition in S6. Therefore, this representation does not preserve the orientation and is
thus not generated by rotations. Hence, we can exclude this case.
The alternating group A6 has two inequivalent five-dimensional absolutely irreducible real repres-
entations, but they only differ by an outer automorphism of A6 and thus give rise to the same linear
group, namely the orientation preserving subgroup of the reflection group of type A5 [5, p. 5]. This
gives the rotation group in case (ii).
The symmetric group S6 has four inequivalent five-dimensional absolutely irreducible real repres-
entations, but for the same reason as above they only give rise to two different linear groups, the
reflection group W (A5) and the rotation group W
+×(A5) described in Proposition 9. This gives the
rotation group in case (iii).
(C) All five-dimensional representations of G ∼= O5(3) ∼= PSp4(3) ∼= PSU4(2) have Schur indicator
0 [5, p. 27] and thus this case can be excluded.
(D) If G were a complexified rotation group, it would be quasiprimitive by Lemma 36 and thus the
restriction of the representation to N would either split into five equivalent one-dimensional repres-
entations or it would be irreducible. The first case cannot occur since one-dimensional representations
of N are not faithful. The second case cannot occur since the center of N is divisible by 5 which
is why N does not have faithful absolutely irreducible real representations. Hence this case can be
excluded.
(E) This case can be excluded by the same argument as in (D). 
Next we treat the case where G contains a special 3-element and where n ≥ 6. These groups are
listed in [15, Thm. 2] and in [37, Thm. 1, case (A),(B),(H) cf. Rem. 1, p. 60]. We first cite the
results from [15] and [37].
Theorem 41. Let ρ : G → GLn(C) be a faithful and quasiprimitive representation of a finite group
G with n ≥ 6 such that ρ(G) contains a special 3-element. Then one of the following cases holds.
(A) G/Z = G1 where G1 ∼= An+1 or G1 ∼= Sn+1. All special elements lie in An+1 mod Z and
G = G1 × Z if G1 ∼= An+1, unless n = 6.
(B) G/Z1 = G1 with G1 ∼=W (En) or G1 ∼=W+(En), n = 6, 7, 8 and Z1 < Z.
(H) n = 6, G/Z ∼= PSU4(3) or an extension by an automorphism of order 2.
Proof. Only the claim on the special elements in case (A) is not explicitly proven in [15] and [37].
However, if there were a special 2-element not in An+1 mod Z, then the group would be listed in
[37, Table I, p. 63]. The only possibility is the first row, where the involution is a transposition
(1, 2) and the representation is the natural representation of the symmetric group. In particular, the
involution is not a special 2-element as it is a reflection. For a general special r-element g ∈ G1 we
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can assume that r = 2a3b by [16, Thm. 1, p. 54] and that a < 2 by [15, Thm. 1, p. 261]. Because
of Sn+1/An+1 ∼= Z2 all elements of odd order in G1 are contained in An+1 and thus the special
3b-element g2
a
is contained in An+1. The special element g
3b of order 2a for a < 2 is contained in
An+1 by the argument above and thus so is g, since 2
a and 3b are coprime. 
Now we can identify the rotation groups appearing in Theorem 41.
Proposition 42. The primitive absolutely irreducible rotation groups G < SOn for n ≥ 6 that contain
a special 3-element are given, up to conjugation, as follows
(i) The orientation preserving subgroups W+ of reflection groups W of type An, E6, E7 and E8.
(ii) The group W+×(E6) (cf. Proposition 9, (ii)).
Proof. We go through the cases listed in Theorem 41.
(A) Since all special elements lie in An+1 mod Z we can assume that G1 = An+1. For n ≥ 6 the
group An+1 has only one irreducible representation of dimension n namely the nontrivial subrepres-
entation of the permutation representation on Cn [15, Lem. 4.1, p. 273]. This is a real representation
and gives rise to the orientation preserving subgroup of the reflection group of type An, i.e. the
rotation group in (i). The case Z = {±id}, G1 ∼= An+1 and G = G1 × Z does not give new examples
due to Lemma 8. It remains to consider the case where G is a perfect central extension of A6 by
Z ∼= Z2. Inspecting the character tables shows that there are no appropriate representations in this
case [5, p. 5].
(B) The group W+(E6) is isomorphic to the simple group O5(3) ∼= PSp4(3) ∼= PSU4(2) [5, p. 27].
It has only one absolutely irreducible real 6-dimensional representation namely its realization as
the orientation preserving subgroup W+(E6) of the reflection group of type E6. The double cover
of W+(E6) does not have representations in dimension 6 [5, p. 27]. According to Lemma 8, the
group W+×(E6) ∼= W+(E6) × Z2 is also a rotation group that occurs in this case. The group W (E6)
has two faithful absolutely irreducible real 6-dimensional representations, among them its standard
representation, and they differ only by a sign on the complement of W+(E6) [5, p. 27]. In particular,
neither of them preserves the orientation. The double cover of W (E6) does not have representations
in dimension 6 [5, p. 27].
The groupW+(E7) is isomorphic to the simple group PSp6(2) [5, p. 46]. It has only one absolutely
irreducible real 7-dimensional representation namely its realization as the orientation preserving sub-
group W+(E7) of the reflection group of type E7 [5, p. 46]. Since the dimension is odd, the center
must be trivial (the center ofW (E7) is not trivial, cf. [17, p. 45]) and thus the rotation groupW
+(E7)
is the only example that occurs in this case.
The groupW+(E8) is a perfect central extension of the simple group O
+
8 (2) by Z2 [5, p. 85]. It has
only one faithful absolutely irreducible real 8-dimensional representation namely its realization as the
orientation preserving subgroup W+(E8) of the reflection group of type E8 [5, p. 85] and its image
contains the negative unit [17, p. 46]. For Z = Z1 = {±1} and G 6=W+(E8)× Z2 the group G must
be perfect by Lemma 37 and this contradicts Gru¨n’s lemma, stating that the quotient of a perfect
group by its center is centerless (cf. [30, p. 61]), since W+(E8) has a nontrivial center. The group
W (E8) has two faithful absolutely irreducible real 8-dimensional representations, but by the same
reason as in (B) neither of them preserves the orientation [5, p. 85]. Suppose the group W (E8) had a
perfect central extension G by Z2 with a suitable representation. Then the group P (in the notation
of Lemma 38) would be a perfect central extension of O+8 (2) by a group Z(P ) of order 4 containing
Z1 due to Lemma 38 and Gru¨n’s Lemma. Therefore, the restriction of the representation of G to P
would be reducible. Since the representation of G is irreducible by assumption, the automorphism
a˜ would permute two irreducible four-dimensional components of the representation of P . However,
the linear group corresponding to such a representation cannot be generated by rotations. Hence, no
further rotation groups occur in this case.
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(H) There are no absolutely irreducible real 6-dimensional representations in this case [5, p. 53]
and thus it can be excluded. 
It remains to treat the cases where G contains special 2-elements but no special r-elements for
r ≥ 3. We first cite the result obtained in [37, Thm. 1, p. 58].
Theorem 43. Let ρ : G → GLn(C) be a faithful and quasiprimitive representation of a finite group
G with n ≥ 6 such that ρ(G) contains a special 2-element but no special r-element for r > 2. Then
one of the following cases holds.
(A) As in case (A) in Theorem 41.
(B) As in case (B) in Theorem 41.
(C) G/Z = A × K where K is a linear group generated projectively by reflections and A ∼= A4,
S4 or A5. Here, ρ(G) is a subgroup of Y ⊗ Y1 where Y is a representation of degree 2 and
Y1 is a representation of K of degree n/2.
(D) n = 6 and G/Z = G1 with G1 ∼= PSL2(7) or an extension by an automorphism of order 2 to
G1 ∼= PGL2(7) and if G1 ∼= PSL2(7) then G = G1 × Z.
(E) n = 6, 7 and G/Z = G1 with G1 ∼= PSU3(3) or an extension by an automorphism of order 2
to G1 ∼= G2(2). If G1 ∼= U3(3) ∼= PSU3(3) then G = G1×Z. There is a unique representation
in dimension 6 and two representations in dimension 7. The 7-dimensional representations
are not real and they do not extend to G2(2).
(F) n = 6 and G/Z ∼= Jˆ2, a proper double cover of the Hall-Janko group of order 604800.
(G) n = 6 and G/Z = G1 with G1 ∼= PSL3(4) or an extension by an automorphism of order 2.
(H) As in case (H) in Theorem 41.
(I) n = 6 and G/Z1 = G1 ∼= Aˆ6, the unique proper triple cover of A6, or an extension by an
automorphism of order 2. Here G1 has a center of order 3 and Z1 < Z.
(J) n = 8 and G contains a subgroup G1 with G = G1Z, G1 ⊲ H where H ∼= Q8 ◦ D4 ◦ D4,
D4 ◦ D4 ◦ D4, or D4 ◦ D4 ◦ D4 ◦ Z4 and the restriction of the representation to H is the
tensor product of faithful representations of the quaternion group Q8 and the dihedral group
D4 with |D4| = 8 on C2 and the cyclic group Z4 on C (cf. [13, Theorems 2.7.1 and 2.7.2]).
The quotient G1/H is isomorphic to a subgroup of O
+
6 (2)
∼= S8, O−6 (2) or Sp(6, 2) in the
respective cases and ρ|H is irreducible.
(K) n = 8 and G/Z ∼= (A5×A5×A5) ≀S3. G contains a normal subgroup H ∼= SL2(5) ◦ SL2(5) ◦
SL2(5) and ρ|H = ρ1 ⊗ ρ1 ⊗ ρ1 for a two dimensional representation ρ1 of SL2(5).
(L) n = 10 and G = G1 × Z with G1 = PSU5(2).
(M) n = 6 and G = G1 ◦Z where G1 is a proper central extension of A7 with a center of order 3.
Proposition 44. The primitive absolutely irreducible rotation groups G < SOn for n ≥ 6 that contain
no special r-element for r ≥ 3 are given, up to conjugation, by M(S6) = R6(PSL2(7)) (cf. Lemma
16) and M(T8) = L (cf. Section 4.8).
Proof. We go through the cases listed in Theorem 43. For (A), (B) and (H) the group contains special
3-elements (cf. [37, Remark on p. 60]). These cases have already been treated in Proposition 42.
(C) It follows from the eigenvalue structure of an element A⊗B ∈ Y ⊗ Y1 and from n/2 ≥ 3 that
all special r-elements in G are contained in K mod Z. In particular, G cannot be generated by special
r-elements and hence this case can be excluded.
(D) The simple group PSL2(7) has only one 6-dimensional absolutely irreducible real representation
[5, p. 3] which gives rise to the rotation group R6(PSL2(7)). It extends to two 6-dimensional absolutely
irreducible real representations of PGL2(7). According to their character tables all special 2-elements
lie in PSL2(7) [5, p. 3]. By Lemma 16, the group 〈R6(PSL2(7)),−1〉 is not generated by rotations.
Since there are no other appropriate representations [5, p. 3] the rotation group R6(PSL2(7)) is the
only example that can occur in this case.
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(E) None of the representations in question is real [5, p. 14] and thus this case can be excluded.
(F) The group Jˆ2 does not have an absolutely irreducible real representations in dimension 6 [5,
p. 43]. The case Z = {±1} and G 6= Jˆ2 × Z cannot occur, since then G would be perfect by Lemma
37 contradicting Gru¨n’s lemma. Hence, no examples occur in this case.
(G) There are no 6-dimensional absolutely irreducible real representation in this case [5, p. 23] and
thus it can be excluded.
(I) For G = G1×Z1 we have Z(G) ≥ 3, i.e. no rotation group can occur. The case Z = Z1 = {±1}
with G 6= G1 × Z is impossible by Gru¨n’s lemma, since G1 has a nontrivial center (cf. Lemma 37).
(J) The Schur indicators of the listed possible representations of H are −1, 1 and 0 and thus only
the second case comes into question. In this case the representation is real and its image in SO8 is
given by the group H < SO8 described in Section 4.8. We have to look for primitive groups in the
normalizer NGL(8,R)(H) that are generated by pseudoreflections, contain the group H as a subgroup
and only pseudoreflections of order 2. By Schur’s lemma, it suffices to look for rotation groups in
NSO8(H) with these properties. Therefore, according to Lemma 24 and Lemma 22 the group L defined
in Section 4.8 is the only example that occurs in this case.
(K) There are two faithful representation of SL2(5) in dimension two, both have Schur indicator
−1 [5, p. 2] and thus so has the irreducible representation ρ|H . In particular, the representation of G
is not real and hence no examples occur in this case.
(L) There are no absolutely irreducible real 10-dimensional representation in this case [5, p. 72]
and thus it can be excluded.
(M) Because of |Z| ≥ 3 the representation of G cannot be real and thus this case can be excluded.

We summarize what we have obtained in this section.
Proposition 45. The primitive absolutely irreducible rotation groups G < SOn for n ≥ 5 are given,
up to conjugation, as follows.
(i) The orientation preserving subgroups W+ of the reflection groups of type An, E6, E7 and E8.
(ii) The group M(R5) = R5(A5) < SO5 (cf. Lemma 15).
(iii) The group W+×(A5) < SO5 (cf. Proposition 9, (i)).
(iv) The group M(S6) = R6(PSL2(7)) < SO6 (cf. Lemma 16).
(v) The group W+×(E6) < SO6 (cf. Proposition 9).
(vi) The group M(T8) = L < SO8 (cf. Section 4.8).
6. Irreducible reflection-rotation groups
Let G < On be an irreducible reflection-rotation group. The case in which G is generated by
rotations is subject of Theorem 1. So suppose that G contains a reflection. Let F be the normal
subgroup of G generated by the reflections in G and let H be the normal subgroup of G generated by
the rotations in G. Then H is the orientation preserving subgroup of G and it is absolutely irreducible
for n > 2 by Lemma 13.
Proposition 46. Let G < On be an irreducible reflection-rotation group that contains a reflection
such that F is reducible. Then G is either one of the monomial groups M×5 , M
×
6 , M
×
7 , M
×
8 , M
×(Dn)
(cf. Section 4.4 and Table 5) or an imprimitive group G×(km, k, l) < SO2l with k = 1, 2 and km ≥ 3
(cf. Section 4.5 and Section 5.1).
Proof. Observe that F is distinct fromG and thus we have n > 2 andH is absolutely irreducible. Since
G is irreducible, the group H permutes the irreducible components of F transitively. Therefore, the
rotation group H is imprimitive with a system of imprimitivity given by the irreducible components of
F which are all equivalent and either one- or two-dimensional. If they are one-dimensional, then H is
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a monomial group occurring in Proposition 33 that contains all transformations that change the sign
of an even number of coordinates. Hence, the group G, being not a reflection group by assumption,
is one of the listed monomial groups in this case.
In the second case, the Coxeter diagram of F is given by
•
s
(1)
1
m− •
s
(1)
2
•
s
(2)
1
m− •
s
(2)
2
. . . •
s
(l)
1
m− •
s
(l)
2
with m > 2 and l > 1. As in the proof of Proposition 34 we see that H acts like the symmetric group
on the irreducible components of F . Since the orientation preserving subgroup of F is contained in
H , this implies G+×(m, 1, l) < H . Moreover, the fact that H normalizes F implies H < G+×(2m, 2, l).
Therefore, H is an imprimitive rotation group of type G+×(km, k, l) for k = 1 or k = 2 and km ≥ 3
by Proposition 34 and Proposition 35. Accordingly, G is an imprimitive reflection-rotation group of
type G×(km, k, l) < SO2l for k = 1 or k = 2 and km ≥ 3 in this case (cf. Section 4.5). 
Proposition 47. Let G be an irreducible reflection-rotation group that contains a reflection such
that F is irreducible and distinct from G. Then G is a group of type W× generated by an irreducible
reflection group W of type A4, D4, F4, A5 or E6 and a normalizing rotation (cf. Lemma 7).
Proof. By assumption there is a rotation h ∈ G\F . According to Lemma 5 there exists a chamber of
the reflection group F such that hC = C and by Lemma 6 we deduce that F has type A4, D4, F4,
A5 or E6. Finally, the uniqueness statement of Lemma 7 implies that the group G is generated by F
and h and is thus one of the listed groups. 
7. General reflection-rotation groups
The structure of reducible rotation groups is described in [26]. For a general reflection-rotation
group G < On let R
n = V1⊕ . . .⊕Vk be a decomposition into irreducible components. For each i ∈ I
we denote the projection of G to O(Vi) by πi and set Gi = πi(G). Recall the following definition from
the introduction.
Definition 4. A rotation g ∈ G is called a rotation of the
(i) first kind, if for some i0 ∈ I, πi0 (g) is a rotation in Vi0 and πi(g) is the identity on Vi for all
i 6= i0.
(ii) second kind, if for some i1, i2 ∈ I, i1 6= i2, πi1(g) and πi2(g) are reflections in Vi1 and Vi2 ,
respectively, and πi(g) is the identity for all i 6= i1, i2.
Let H be the normal subgroup of G generated by rotations of the first kind, let F be the normal
subgroup of G generated by reflections and rotations of the second kind and set Hi = πi(H) and
Fi = πi(F ). Then Hi is a rotation group, Fi is a reflection group, both are normal subgroups of Gi
and Gi is generated by them. The triple (Gi, Hi, Fi) has an additional property that does not hold
in general. It is described in Lemma 49 below.
Lemma 48. For every reflection s ∈ Fi there exists a reflection or a rotation of the second kind
g ∈ G such that s = πi(g).
Proof. Let Xi be the set of reflections in Fi of the form πi(g) for some reflection or rotation of the
second kind g ∈ G. Then Xi generates Fi and is invariant under conjugation by Fi. Therefore, every
reflection in Fi is contained in Xi, i.e. is a reflection of the form s = πi(g) for some reflection or
rotation of the second kind g ∈ G [17, Prop. 1.14, p. 24]. 
Lemma 49. Let τ ∈ Fi be a reflection and let h ∈ Hi. If hτ is a reflection, then it is contained in
Fi.
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Proof. By Lemma 48 there exists a reflection or a rotation of the second kind g ∈ G such that
τ = πi(g). Then hg is either a reflection or a rotation of the second kind in G and hτ = πi(hg) is
contained in Fi. 
Lemma 50. Let s, τ ∈ Fi be reflections conjugate under Hi, i.e. τ = hsh−1 for some h ∈ Hi. Then
we have sτ ∈ Hi.
Proof. The claim follows from sτ = shsh−1 = (shs−1)h−1, since Hi is normal in Gi. 
In the following all possible triples (Gi, Fi, Hi) are described. Notice that we actually classify
triples (Grr,M,W ) where Grr is an irreducible reflection-rotation group, M a rotation group and W
a reflection group such that the properties stated in Remark 1 hold. If Fi is trivial, then Gi = Hi < G
is an irreducible rotation group and splits off as a direct factor. Otherwise, Gi is one of the irreducible
reflection-rotation groups we have described in the preceding section. Let S = {s1, . . . , sl} < Fi be
a set of simple reflections generating Fi [17, p. 10]. We denote the image of a reflection s ∈ Gi in
Gi/Hi by si. Since Gi is generated by Fi and Hi, the quotient group Gi/Hi is generated by the set S
composed of the different cosets among the s1, . . . , sl. We have Gi/Hi ∼= Fi/H˜i with H˜i = Hi∩Fi and
we will see that in each case H˜i is generated by the conjugates of elements of the form (srss)
m˜rs with
m˜rs ≤ mrs where mrs are the entries of the Coxeter matrix of Fi. It is then clear that (Gi/Hi, S) is
a Coxeter system with Coxeter matrix obtained by removing the redundant entries in (m˜rs). We say
that an element in a Coxeter group is a reflection, if it is conjugate to a generator or, equivalently, if
its image under the geometric representation is a reflection [17, p. 108]. It will then follow directly
that the reflections in Gi/Hi are precisely the cosets of reflections in Fi (cf. Corollary 56).
For the proof of Theorem 3 three different cases are considered.
Proposition 51. Assume that Fi is a nontrivial reducible reflection group. Then Hi is an imprimitive
rotation group and a set of simple reflections generating Fi projects onto a set S ⊂ Gi/Hi for which
(Gi/Hi, S) is a Coxeter system of type A1 or A1 × A1. More precisely, the triple (Gi, Fi, Hi) occurs
in one of the cases (i) to (iii) in Theorem 3.
Proof. As in Proposition 46, the group Hi is an imprimitive rotation group with a system of im-
primitivity given by the irreducible components of Fi, which are all equivalent and either one- or
two-dimensional. If they are one-dimensional, then, given Lemma 50, it follows as in the proof of
Proposition 46 that Gi is one of the monomial groups M
× listed in Proposition 46 whose orientation
preserving subgroup is Hi. In particular, Gi/Hi is a Coxeter group of type A1 and we are in case (i)
of Theorem 3.
In the second case, Fi has the Coxeter diagram
•
s
(1)
1
m0− •
s
(1)
2
•
s
(2)
1
m0− •
s
(2)
2
. . . •
s
(l)
1
m0− •
s
(l)
2
with m0 > 2 and l > 1. As in Proposition 46 we see that Hi < G
+×(2m0, 2, l) and that Hi acts on
the irreducible components of Fi as the symmetric group Sl (cf. Proposition 34 and Proposition 35).
We can choose the generators of Fi such that all s
(j)
1 and all s
(j)
2 are conjugate among each other
under Hi and thus identical in Gi/Hi by Lemma 50. Let k be the smallest positive integer such
that (s
(j)
1 s
(j)
2 )
k ∈ Hi. Then k divides m0 and for m = m0k we have G+×(mk, k, l) < Hi, because the
rotations s
(j)
1 s
(j′)
1 , s
(j)
2 s
(j′)
2 , j, j
′ = 1, . . . , l, are contained in Hi (cf. Section 5.1). If Hi = G
+×(2m0, 2, l),
then k = 1 and G = G×(2m0, 2, l). Otherwise, we have Hi < G
+×(m0, 1, l). For k = 1 this implies
Hi = G
+×(m0, 1, l) and G = G
×(m0, 1, l). For k 6= 1 the relation
k = ord(s
(1)
1 s
(1)
2 ) = ord(s
(1)
1 s
(2)
2 ) ≤ 2
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shows that k = 2 and hence Hi = G
+×(m0, 1, l) and G = G
×(m0, 1, l). In each case the group
H˜i = Hi ∩ Fi is generated by the rotations (s(j)1 s(j)2 )k, s(j)1 s(j
′)
1 , s
(j)
2 s
(j′)
2 , j, j
′ = 1, . . . , l. Thus Gi/Hi
is either a Coxeter group of type A1 or A1 ×A1 depending on whether k = 1 or k = 2 and we are in
case (ii) or (iii) of Theorem 3. 
For the other two cases we need the following two facts on reflection groups.
Lemma 52. Let s1, . . . , sl be simple reflections generating a reflection group W and let M <W be a
rotation group. Then every rotation h ∈M is conjugate to (sisj)r for some i, j ∈ {1, . . . , l} and some
positive integer r. In particular, if sisj has prime order, then h
′ = sisj is a rotation contained in M .
Proof. The linear fixed point subspace U = Fix(h) of h has codimension two and is contained in a
hyperplane corresponding to a reflection s ∈ W , since W acts freely on its chambers [17, p. 23]. The
composition s′ = sh is another reflection in W whose linear fixed point subspace contains U . Let
s′′ ∈ W be a reflection different from s with U ⊂ Fix(s′′) such that s and s′′ are faces of a common
chamber. Then we have h ∈ 〈ss′′〉 and thus the claim follows, since all sets of generating simple
reflections in a reflection group are conjugate to each other [17, Thm. 1.4, p. 10]. 
Lemma 53. Let s1, s2, τ ∈ W be reflections in a reflection group W and let M ⊳ W be a normal
subgroup generated by rotations such that s1 = s2 ∈ W/M and set m = ord(s1τ) and n = ord(s2τ).
Then for d = gcd(m,n) the powers (s1τ)
d and (s2τ)
d are contained in M . In particular, d = 1 implies
s1 = s2 = τ .
Proof. Choose integers p, q such that d = mp+ nq. Because of s1 = s2 we have
(s1τ )
d = (s2τ )
d = (s1τ)
mp(s2τ )
nq = e
and thus (s1τ)
d, (s2τ)
d ∈M . 
Proposition 54. Assume that Gi = Fi is an irreducible reflection group. Then a set of simple
reflections generating Fi projects onto a set S ⊂ Gi/Hi for which (Gi/Hi, S) is a Coxeter system.
More precisely, the quadruple (Gi, Fi, Hi,Γi) occurs in one of the cases (iv) to (xii) in Theorem 3.
Proof. Let {s1, . . . , sl} < Gi be a set of simple reflections generating Gi and set mij = ord(sisj).
According to Lemma 52 the group Hi is generated by conjugates of elements of the form (srss)
m˜rs
with m˜rs ≤ mrs and thus (Gi/Hi, S) is a Coxeter system.
For trivial Hi the quotient Gi/Hi can be any irreducible Coxeter group and we are in case (iv)
of Theorem 3. If all generators lie in the same coset of Hi, then Hi is the orientation preserving
subgroup of the reflection group Gi by Lemma 50 and the quotient group Gi/Hi ∼= Z2 is generated by
the coset of a reflection in Gi. Hence we are case (v) of Theorem 3. If Hi is nontrivial, then Lemma 52
implies that (sisj)
r ∈ Hi for some pair of distinct generators si and sj and some r < ord(sisj). If we
additionally assume that not all generators of Gi lie in the same coset of Hi, then Lemma 53 implies
that only the types A3, BCn, Dn, I2(m) and F4 can occur for Gi. More precisely, the following cases
can occur.
(A) Gi =W (A3).
•s1 − •s2 − •s3
We have s1 = s3 6= s2. The group Gi is the symmetry group of a tetrahedron and Hi = W+(A1 ×
A1 × A1) is its unique orientation preserving normal subgroup isomorphic to Z2 × Z2. The quotient
group Gi/Hi has the Coxeter diagram
◦s1 − ◦s2
(B) Gi =W (BCl), l ≥ 3.
•s1 − •s2 − · · · •sl−1 = •sl
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In any case we have ml−1,l = 2 by Lemma 52 and Lemma 53 and thus Hi contains the diagonal
subgroup of W+(BCl). If all generators of Gi lie in different cosets of Hi, then Hi = D(W (Dl)) and
the quotient group Gi/Hi has the Coxeter diagram
◦s1 − ◦s2 − · · · ◦sl−1 ◦sl
Otherwise, for l 6= 4 Lemma 53 implies s1 = . . . = sl−1 6= sl. In this case we have Hi = W+(Dl) and
the quotient group Gi/Hi has the Coxeter diagram
◦s1 ◦sl
For l = 4 we may also have s1 = s3 6= s2 and s1, s2 6= s4. In this case Hi is the preimage in
W+(BC4) = (O/V;O/V) of the normal subgroup of S4 ∼= W+(BC4)/D(W+(BC4)) isomorphic to
Z2 × Z2 (cf. case (A)). It is a monomial rotation group of type G+×(4, 2, 2) = (V/V;V/V). The
quotient group Gi/Hi has the Coxeter diagram
◦s1 − ◦s2 ◦s4
(C) Gi =W (Dl), l ≥ 4.
•s1 − •s2 − · · · •sl−2 < •sl•sl−1
In any case we have sl−1 = sl (perhaps after relabeling in the case l = 4) by Lemma 52 and Lemma
53 and thus D(W (Dl)) < Hi. For l 6= 4 all other generators lie in different cosets of Hi. In this case
we have Hi = D(W (Dl)) and the Coxeter diagram of the quotient group Gi/Hi is
◦s1 − ◦s2 − · · · ◦sl−2 −◦sl−1
For l = 4 we may also have s1 = s3 = s4 6= s2. In this case Hi = G+×(4, 2, 2) = (V/V;V/V) (cf. case
(B)) and the quotient group Gi/Hi has the Coxeter diagram
◦s1 − ◦s2
(D) Gi =W (I2(m)) for m ≥ 4.
•s1
m− •s2
We have s1 6= s2 and Hi is a cyclic group of order mm1,2 . Consequently, the quotient group Gi/Hi is a
dihedral group of type I2(m1,2) with Coxeter diagram
◦s1
m1,2− ◦s2
(E) Gi =W (F4).
•s1 − •s2 = •s3 − •s4
In any case we have m2,3 = 2 by Lemma 52 and Lemma 53. If all generators lie in different cosets of
Hi, then Hi = G
+×(4, 2, 2) = (V/V;V/V) and the quotient group Gi/Hi has the Coxeter diagram
◦s1 − ◦s2 ◦s3 −◦s4
If s3 = s4 and all other generators lie in different cosets of Hi, then Hi = W
+(D4) = (T/V;T/V)
and the quotient group Gi/Hi has the Coxeter diagram
◦s1 − ◦s2 ◦s3
Finally, if s1 = s2, s3 = s4, then Hi =W
+×(D4) = (T/T;T/T) and the quotient group Gi/Hi has the
Coxeter diagram
◦s1 ◦s3

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Proposition 55. Assume that Fi is an irreducible reflection group different from Gi. Then a set
of simple reflections generating Fi projects onto a set S ⊂ Gi/Hi for which (Gi/Hi, S) is a Coxeter
system of type A1 or A1×A1. More precisely, the quadruple (Gi, Fi, Hi,Γi) occurs in one of the cases
(xvi) to (xvii) in Theorem 3.
Proof. Let h ∈ Hi\Fi be a rotation. By Lemma 49 and the proof of Lemma 5 there exists a chamber
of the reflection group Fi such that hC = C. By Lemma 6 we deduce that Fi has type A4, D4, F4,
A5 or E6. In the cases of A4, F4, A5 and E6 Lemma 50 and Lemma 53 imply that all generators of
Fi lie in the same coset of Hi and thus we have Hi = 〈F+i , h〉 and Gi/Hi = Z2 in these cases. If Fi
has type D4, then h has order 3 and we have s1 = s3 = s4.
•s1 − •s2 < •s4•s3
If s1 = s2 also holds, then we have again Hi = 〈F+i , h〉 and Gi/Hi = Z2. Otherwise the group
H˜i = Hi∩Fi is generated by the conjugates of s1s3 and s1s4 and the group Hi is generated by H˜i and
h. We have Hi = W
+(D4) (, but Hi 6= F+i ) and the quotient group Gi/Hi = Fi/H˜i has the Coxeter
diagram
◦s1 − ◦s2

The preceding three propositions show that each triple (Gi, Hi, Fi) induced by a reflection-rotation
groups occurs in one of the cases described in Theorem 3. Moreover, it is easy to check that each
triple (Grr,M,W ) occurring in Theorem 3 satisfies the conclusion of this Theorem concerning the
reflections in W and the properties described in Remark 1.
As a corollary we record
Corollary 56. The reflections in (Gi/Hi, S) are precisely the cosets of reflections in Fi.
In order to describe the structure of the whole group G we need the following lemmas.
Lemma 57. Let τ, τ ′ ∈ Gi and s ∈ Gj be reflections such that τs ∈ G. Then τ ′s ∈ G, if and only if
τ = τ ′.
Proof. If τ ′s ∈ G then τ ′ssτ = τ ′τ is a rotation of the first kind in G and thus τ ′τ ∈ Hi, i.e. τ = τ ′.
On the other hand τ = τ ′ implies τ = hτ ′ for some h ∈ Hi and thus τ ′s = h−1τs ∈ G. 
Lemma 58. Let s1, s2 ∈ Fi, s3 ∈ Fj and s4 ∈ Fj′ , i 6= j, j′, be reflections such that g = s1s3, g′ =
s2s4 ∈ G. Then the following two implications hold.
(i) j = j′ ⇒ ord(s1s2) = ord(s3s4).
(ii) j 6= j′ ⇒ ord(s1s2) ≤ 2.
Proof. (i) Assume that j = j′ and set m = ord(s1s2) and n = ord(s3s4). If s1 = s2 then Lemma 57
implies that s3 = s4 and thus m = n = 1. Otherwise, (gg
′)n = (s1s2)
n(s3s4)
n = (s1s2)
nh for some
h ∈ Hj implies that (s1s2)n ∈ G is a rotation of the first kind contained in Hi and therefore m|n. In
the same way we obtain n|m and thus m = n.
(ii) Since (s1s2)
2 = (gg′)2 is a rotation of the first kind in G or trivial, we deduce that ord(s1s2) ≤
2. 
For reflections s ∈ Fi and τ ∈ Fj we call s and τ related if sτ ∈ G and s /∈ G. Lemma 57 shows
that this notion is well-defined. For a Coxeter group C we denote the set of reflections contained in
C by X(C) and we set G˜ = G1/H1 × · · · ×Gk/Hk, X = X(G˜) and Xi = X(Gi/Hi).
Lemma 59. Relatedness of reflections defines an equivalence relation on the set X such that related
reflections belong to different components.
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Proof. Let s1 ∈ Gi/Hi, s2 ∈ Gj/Hj and s3 ∈ Gl/Hl be reflections. If s1 and s2 are related as well as
s2 and s3, then so are s1 and s3, because of s1s3 = (s1s2)(s2s3) ∈ Gi. For i = j the cosets s and τ
are related if and only if s = τ . 
For i, j ∈ I, i 6= j, we define Xij to be the set of reflections in Gi/Hi that are related to reflections
in Gj/Hj. Let Γi be the Coxeter diagram of Gi/Hi and set Γ =
⋃
Γi. The vertices of Γi correspond
to a set of simple reflections of Gi/Hi (cf. [17, p. 29]).
Lemma 60. A reflection s in Gi/Hi that is not related to any other reflection, corresponds to an
isolated vertex of Γi.
Proof. Suppose that s ∈ Gi/Hi is a reflection not related to any other reflection and that τ ∈ Gi/Hi
is another reflection with ord(sτ) ≥ 3. Then τ is related to some reflection τ ′ ∈ Gj/Hj for some j 6= i,
because otherwise we would have sτ ∈ Hi by Lemma 48. This implies ord(sτ ) ≤ 2 as in the proof of
Lemma 58, (ii), and thus the claim follows by contradiction. 
Lemma 61. Let M be a connected component of Γi and let M be the set of generators of Gi/Hi
that correspond to the vertices of M . If there exists a reflection in M related to another reflection,
then there exists some j 6= i such that M⊂ Xij. Moreover, M⊂ Xij ∩Xik for some k 6= i, j only if
M = ◦.
Proof. The first claim follows from Lemma 48 and the preceding lemma. Suppose we have distinct
reflections s, τ ∈ M with ord(sτ ) ≥ 3. Again by Lemma 48 and the preceding lemma there are j, k
such that s ∈ Xij and τ ∈ Xik. Lemma 58, (ii) implies that j = k. 
Due to this lemma the reflections related to the reflections of a nontrivial irreducible component
of G˜ belong to a common Gi/Hi. The next proposition sharpens this statement.
Proposition 62. The set of nontrivial irreducible components of G˜ decomposes into pairs of iso-
morphic constituents that belong to different Gi/Hi and for each such pair relatedness of reflections
defines an isomorphism between its constituents that maps reflections onto related reflections.
Proof. Let M be a nontrivial connected component of Γi and let M be the set of simple reflections
corresponding to the vertices of M . According to Lemma 61 there exists a unique j 6= i such that
M⊂ Xij . Define ϕ :M→ Gj/Hj by mapping a generator si ∈ M to its related reflection in Gj/Hj.
Due to Lemma 58, (i), this map can be extended to a homomorphism ϕ : 〈M〉 → Gj/Hj. We claim
that the image ϕ(s) of any reflection s ∈ 〈M〉 is a reflection related to s. Since s is conjugate to
a reflection in M its image ϕ(s) is a reflection in Gj/Hj and thus a coset of a reflection in Fj , say
ϕ(s) = τ for some τ ∈ Fj (cf. Corollary 56). Write s = si1 · · · sil for generators si1 , . . . , sil ∈ M
and let τ ij = ϕ(sij ) be the related reflection. Then we have τ = τ i1 · · · τ il . There exist hi ∈ Hi and
hj ∈ Hj such that s = his1 · · · sl and τ = hjτ1 · · · τl and thus sτ = hihjsi1τi1 · · · silτil ∈ G. Hence the
reflections s and τ = ϕ(s) are related.
The fact that ϕ maps reflections onto related reflections together with Lemma 58, (i) implies that
ϕ(〈M〉) is contained in an irreducible component of Gj/Hj (cf. the argument below). Let N be
the connected component of Γj such that 〈ϕ(M)〉 ⊆ 〈N〉 where N is the set of simple reflections
corresponding to the vertices of N . Since N is connected, for τ0 ∈ N there exist reflections sk ∈ M
and τ0, τ1, . . . , τk ∈ 〈N〉 with τk = ϕ(sk) and ord(τ lτ l+1) ≥ 3, l = 0, . . . , k − 1. Therefore, according
to Lemma 48, Lemma 60 and Lemma 58, (ii), there are reflections s0, . . . , sk−1 ∈ Gi/Hi such that sl
and τ l are related for l = 0, . . . , k − 1. Lemma 58, (i), implies that ord(slsl+1) = ord(τ lτ l+1) ≥ 3,
l = 0, . . . , k − 1, and thus s0, . . . , sk ∈ 〈M〉. In particular, we have τ0 = ϕ(s0) ∈ 〈ϕ(M)〉 by what
has been shown above and hence 〈ϕ(M)〉 = 〈N〉, i.e. ϕ is an epimorphism between the irreducible
component 〈M〉 of Gi/Hi and the irreducible component 〈N〉 of Gj/Hj. By the same argument there
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exists a homomorphism from 〈N〉 to Gi/Hi which maps 〈N〉 onto 〈M〉. Therefore, 〈M〉 and 〈N〉
have the same cardinality and thus ϕ : 〈M〉 → 〈N〉 is an isomorphism of Coxeter groups. 
Now we can prove Theorem 4.
Proof of Theorem 4. Let G be a reflection-rotation group and G˜ be given as above. According to
what has been shown so far, relatedness of reflections induces an equivalence relation on the set of
irreducible components of G˜ such that two related components belong to different Gi/Hi (cf. Lemma
59). By Lemma 48 each Gi/Hi contains at most one trivial irreducible component that is not related
to another component. By the preceding proposition each equivalence class of a nontrivial irreducible
component of G˜ contains precisely two isomorphic components and an isomorphism between them
is induced by relatedness of reflections. Conversely, a family of possible triples {(Gi, Hi, Fi)}i∈I and
an equivalence relation on the irreducible components of G˜ = G1/H1 × · · · × Gk/Hk satisfying the
conditions in Theorem 4 together with isomorphisms between the equivalent nontrivial irreducible
components of G˜ that map reflections onto reflections defines a reflection-rotation group as described
in the Introduction.
It remains to show that these assignments are inverse to each other. If we start with a reflection-
rotation group G, assign to it a set of data as in the theorem and to this set of data another reflection-
rotation group G˜, then G˜ is generated by the rotations in G and thus coincides with G. Suppose we
start with a set of data as in the theorem, including a family {(Gi, Hi, Fi)}i∈I of triples occurring in
Theorem 3, assign to it a reflection-rotation group G and to this reflection-rotation group another set
of data including a family of triples {(G˜i, H˜i, F˜i)}i∈J . Then we clearly have I = J = {1, . . . , k} and
Gi = G˜i for all i ∈ I. We also have Hi < H˜i and Fi < F˜i. By construction (cf. condition (ii) in
Theorem 4) the quotient G/(H1× · · ·×Hk) does not contain nontrivial cosets of rotations of the first
kind in G and thus Hi = H˜i. Since each reflection in Gi is contained in Fi (cf. Theorem 3) Fi = F˜i
holds as well. Now it is clear that the two sets of data coincide and thus the theorem is proven. 
We record the following two corollaries. Recall that a reflection-rotation group is called indecom-
posable if it cannot be written as a product of nontrival subgroups that act in orthogonal spaces (cf.
Section 4.6).
Corollary 63. Let G be a reducible reflection-rotation group that only contains rotations of the first
kind. Then G is a direct product of indecomposable rotation groups.
Corollary 64. For an indecomposable reflection-rotation group G that does not contain rotations of
the first kind one of the following three cases holds
(i) k = 2, dim V1 = dimV2 and G1 ∼= G2 for irreducible reflection groups G1, G2.
(ii) k > 2, dimV1 = . . . = dimVk = 1 and G consists of all elements that change the sign of an
even number of coordinates, i.e. G =W+(A1 × · · · ×A1).
(iii) G =W (A1).
Note that the group G in case (i) is only determind by G1 and the choice of an isomorphism
between G1 and G2 that maps reflections onto reflection (cf. Section 4.6).
8. Isotropy groups of reflection-rotation groups
Isotropy groups of real reflection groups are generated by the reflections they contain [17, Thm.
1.12 (c), p. 22]. More generally, the same statement is true for isotropy groups of unitary reflection
groups due to a theorem of Steinberg [35, Thm. 1.5, p. 394]. Independent proofs for Steinberg’s
theorem were given by Bourbaki [3, Chapt. V, Exercise 8] and Lehrer [22]. Consequently, isotropy
groups of rotation groups which are either unitary reflection groups considered as real groups or
orientation preserving subgroups of real reflection groups are generated by the rotations they contain.
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In fact, it can be shown that isotropy groups of reflection-rotation groups are always generated by
the reflections and rotations they contain. However, the only proof of this statement known to the
authors uses the classification of reflection-rotation groups (cf. e.g. Lemma 27). We end with the
following question.
Question. Is it possible to prove that isotropy groups of rotation or reflection-rotation groups are
generated by the reflections and rotations they contain without using the classification?
Notation and Tables
We summarize the classification of irreducible reflection-rotation groups. There are 29 primitive
rotation groups that are a unitary reflection group considered as a real group. Among them 19 groups
occur in dimension 4 and are listed under number 4− 22 in [21, Chapt. 6 and Appendix D, Table 1].
The remaining 10 groups are generated by unitary reflections of order 2 and are denoted as W (J (4)3 ),
W (J (5)3 ), W (K5), W (K6), W (L4), W (M3), W (M3), W (N4), W (O4) [21, Chapt. 6 and Appendix
D, Table 2] (cf. Section 4.2). All other primitive irreducible rotation groups are absolutely irreducible
and are listed in Table 3.
symbol meaning
Cn, Dn Cyclic and dihedral group of order n and 2n, respectively
Sn, An Symmetric and alternating group on n letters.
G Preimage of a group G < SO3 under the covering ψ : SU2 → SO3
(cf. Section 4.3 for the meaning of (L/LK ;R/RK)
W+ Orientation preserving subgroup of a real reflection group W .
W+× Unique extension of W+ by a normalizing rotation.
W× Unique extension of W by a normalizing rotation.
P Plane system (cf. Introduction and Section 4.9).
P5, . . . ,T8 Plane systems of certain type (cf. Section 4.9).
M(P) Rotation group generated by rotations corresponding to the planes of P.
M× Unique extension of a rotation group M by a normalizing reflection.
Rn(G) Image of the unique irreducible representation of G in SOn.
L Rotation group in the normalizer of
NSO8(W (I2(4))⊗W (I2(4))⊗W (I2(4))) (cf. Section 4.8).
R1, R2 Root systems of type E8 (cf. Section 4.8).
D(G) Diagonal subgroup of a monomial group G.
D(n) D(W (BCn))
D+(n) D(W+(BCn))
Table 2. List of notations.
The imprimitive irreducible rotation groups that preserve a complex structure are induced by
unitary reflection groups of type G(m, p, n) (cf. Section 4.2). All other imprimitive irreducible rotation
groups are absolutely irreducible and are listed in Table 4. The groups G+×(km, k, n), k = 1, 2, are
extensions ofG(km, k, n) by a normalizing rotation τ of the form τ(z1, z2, z3 . . . , zl) = (z1, z2, z3 . . . , zl)
(cf. Lemma 34). The groups G+×(km, k, 2)ϕ are described in Proposition 34.
All irreducible reflection-rotation groups that contain a reflection are listed in Table 5. The
groups G×(km, k, l), k = 1, 2, are generated by G(km, k, l) and a reflection of type s(z1, . . . , zl) =
(z1, z2, . . . , zl).
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G description order
1. W+(An) (n+ 1)!/2
2. W+(H3) 2
2 · 3 · 5 = 60
3. (D3m/D3m;T/T) 144m
4. (Dm/Dm;O/O) 96m
5. (D3m/C2m;O/V) 48m
6. (Dm/C2m;O/T) 48m
7. (D2m/Dm;O/T) 96m
8. (Dm/Dm; I/I) 240m
9. (T/T;O/O) 26 · 32 = 576
10. (T/T; I/I) 25 · 32 · 5 = 1440
11. (O/O; I/I) 26 · 32 · 5 = 2880
12. W+(A4) (I/C1; I/C1)
∗ 22 · 3 · 5 = 60
13. W+×(A4) (I/C2; I/C2)
∗ 23 · 3 · 5 = 120
14. W+×(D4) (T/T;T/T) 2
5 · 32 = 288
15. W+(F4) (O/T;O/T) 2
6 · 32 = 576
16. W+×(F4) (O/O;O/O) 2
7 · 32 = 1152
17. W+(H4) (I/I; I/I) 2
5 · 32 · 52 = 7200
18. M(R5) R5(A5) 2
2 · 3 · 5 = 60
19. W+×(A5) 2
3 · 3 · 52 = 720
20. M(S6) R6(PSL2(7)) 2
3 · 3 · 7 = 168
21. W+(E6) 2
6 · 34 · 5 = 25920
22. W+×(E6) 2
7 · 34 · 5 = 51840
23. W+(E7) 2
9 · 34 · 5 · 7 = 1451520
24. M(T8) L =W (R1) ∩W (R2) 213 · 32 · 5 · 7 = 2580480
25. W+(E8) 2
13 · 35 · 52 · 7 = 348364800
Table 3. Primitive absolutely irreducible rotation groups. Note that interchanging
the left and right entry in (L/LK ;R/RK) yields isomorphic but nonconjugate groups
in O(4). See Table 2 for unknown notations.
G description order
1. G+×(km, k, 2)ϕ cf. Proposition 34 4km
2
2. G+×(km, k, l) 〈G(km, k, l), τ〉, k = 1, 2, l > 2, km ≥ 3 2l−1kl−1mll!
3. W+(BCn) 2
n−1n!
4. W+(Dn) 2
n−2n!
5. M(P5) M5 = D
+(5)⋊H5 2
4 · |H5| = 160
6. M(P6) M6 = D
+(6)⋊H6 2
5 · |H6| = 1920
7. M(Q7) M
p
7 = 〈g5, H7〉 < M7, |D(Mp7 )| = 23 23 · |H7| = 1344
8. M(P7) M7 = D
+(7)⋊H7 2
6 · |H7| = 10752
9. M(Q8) M
p
8 = 〈g5, H8〉 < M8, |D(Mp8 )| = 24 24 · |H8| = 21504
10. M(P8) M8 = D
+(8)⋊H8 2
7 · |H8| = 172032
Table 4. Imprimitive absolutely irreducible rotation groups. See Table 6 and Table
2 for unknown notations.
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G description order
1. W any irreducible reflection group
2. G×(km, k, l) 〈G(km, k, l), s〉, k = 1, 2, l ≥ 2, km ≥ 3 2lkl−1mll!
3. M×(Dn) D(n)⋊ An 2
n−1n!
4. W×(A4) 2
4 · 3 · 5 = 240
5. W×(D4) 2
6 · 32 = 576
6. W×(F4) 2
8 · 32 = 2304
7. M×(P5) M
×
5 = D(5)⋊H5 2
5 · |H5| = 320
8. W×(A5) 2
5 · 32 · 5 = 1440
9. M×(P6) M
×
6 = D(6)⋊H6 2
6 · |H6| = 3840
10. W×(E6) 2
8 · 34 · 5 = 103680
11. M×(P7) M
×
7 = D(7)⋊H7 2
7 · |H7| = 21504
12. M×(P8) M
×
8 = D(8)⋊H8 2
8 · |H8| = 344064
Table 5. Irreducible reflection-rotation groups that contain a reflection. See Table
6 and Table 2 for unknown notations.
symbol meaning
H5 〈(1, 2)(3, 4), (2, 3)(4, 5)〉 < S5, H5 ∼= D5
H6 〈(1, 2)(3, 4), (1, 5)(2, 3), (1, 6)(2, 4)〉 < S6, H6 ∼= A5
H7 〈g1, g2, g3〉 < S7, H7 ∼= PSL2(7) ∼= SL3(2)
H8 〈g1, g2, g3, g4〉 < S8, H8 ∼= AG3(2) ∼= Z32 ⋊ SL3(2).
gi g1 = (1, 2)(3, 4), g2 = (1, 5)(2, 6), g3 = (1, 3)(5, 7), g4 = (1, 2)(7, 8) g5 = (1, 2)(3, 4)
(i, j) Linear transformation that maps ei to −ej, −ej to ei and ek to ek for k 6= i, j,
where e1, . . . , en are standard basis vectors.
Table 6. Explanation of symbols appearing in Table 4 and Table 5.
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